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Is matrix representation of matroids unique?

Brylawski Lucas Theorem

Uniquely representable combinatorial geometries
T.Brylawski and D.Lucas problem

how a combinatorial abstract geometry ( Matroid), can be representable

in unique way, as a subset of a projective space

and what do these representations signify?
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Geometry dependency in the space and linear dependency in matrices
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Row, Projective and Geometric equivalence among matrix representations

Add scalar multiple of a row to another

Permuting 2 rows

Definition: (Projective oper
Multiply a row by a scalar (£0)

M f M’ elementary row operation, M & M’

multiplication of a column by nonzero scalar,

a removal of a zero row.

Definition: (Geometrically equivalent Matrices)
projective operation does not affect column dependence,
matrices

M differ by M
a series of M*? M
projective ~
operations

. 2

same pregeometry
( Matroid).
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Projective equivalence in between matrix representations

M *? M

Definition: ( Projectively equivalent matrices)

Two matrices

projectively
equivalent
if
/ M' = NMD, \
D
N .
nonsingular
nonsingular r x r n x n diagonal
matrix

matrix.
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Coordinatization among Matrix representation and Bipartite graph representation

M = (I4) By
coordinatization G bipartite graph
(representation) adjacency matrix

when a;; # 0. ” A where 8 =1
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Definition: ( Coordinatizing path of M or A.)

A basis of By
Definition: ( Coordinatizing circuit of M or A.)

A basic circuit of By
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C basic incidence matrix representations.

Definition: (C basic incidence matrix)

C
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Given

~ a Pregeometry (Matroid) G,
P1 a basis B
Pz

a path P,

Zero-one matrix
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el e = = = N =
OO = =D OO
—_m_—_Oo oo o O

rows indexed by columns indqxed by points

2 (p1,P2,---,Pr) (P1,P2,--- s Pn—r) in G- B,

with
entries ¢;;
S.t.
ey =1
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B basic incidence matrix representation and connectness
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geometry(Matroid) G,

If C is DB-basic circuit incidence matrix of G,
then the number of connected components

of G equals r +¢ +k,

r’ is the number of zero rows of C,

¢’ is the number of zero columns of C,

k is the number of blocks of C after zero rows and

and
columns have been E]iminated:




Reduced B-basic matrix for G
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Geometric equivalence and subdeterminants of adjacent and incidence matrices.

Proposition:
If M =TA and M’ = JTA’
Meé¢ M

1A] = ‘all A1z =
as every subdeterminant of A D=0 l

|A | | a' " a'12 exactly when the
a'l3 D’ subdeterminant ot A' D'=0 —

entry a;; = 0 = al. ,
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C
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Number of distinct matrix representations under Projective equivalence

Proposition:
Let G be a matroid (pregeometry)
rank r cardinality n,
k connected components.

P coordinatizing path of A

M =1A

represents G over F

if | F|=gq,

(g — I)™* distinct matrices

A =M M

(@"—D)(g"—q)-..(¢"—q Y- D"

distinct r X n matrices,

PA'=M"! M
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Number of matrices and equivalence classes under row equivalence

Corollary:

If G representable over F, | F |= g,

Dt

each projective equivalence class

with

PA'" rxn representations

is partioned into

(g — I)™* distinct row equivalence classes

each class contains [[] ¢" —¢'
i=0,r—1

r ¥ r non singular distinet matrices over Fy.




