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Presentation Outline

v’ Construction of Codes when we can’t compute a canonical from
every subset (Snakes and Ladders Algorithm-Overview)

* Problem 1: Ensure that each G -orbit on admissible (i+1)—sets is
reached.

 Problem 2: Determine when 2 extensions are isomorphic R U {x} and
S U {y}, i.e. belong to the same G -orbit. (R andS are both
canonical, sinceR,S € 1, )

* Problem 3: Compute iny the Stabilizer G, ;,,, assuming that G is
known.

* Problem 4: Provide a transporter map ¢, , , for (i+1)-sets, thatis,
given a (i+1)-subset F € X , compute g € G st. Fg €1,

* General Algorithm of snakes and ladders for generation of codes.



Snakes and ladders algorithm
( Leiterspiel, B. Schmalz, 1992 )

v Orderly generating of codes algorithm and its variation with canonical augmentation
rely on the fact that we are able to compute a canonical from every subset, which is not
always feasible.

v' Computing the canonical form depends of the nature of the group action under
consideration.

v Snakes & Ladders is an orbit algorithm which is general , it doesn’t depend on the
nature of the group.

v The cost of it is the amount of memory required correlates linearly to the number of
orbits computed.

v The speedup from the memory vs time tradeoff makes it realistic to tackle instances of
hard problems as computation of isometry classes of linear codes.



Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

There two ways to describe the algorithm:

*  Computing orbits of a group G on orbits on subsets of a set X on which G acts, or
Double cosets in finite groups.

 The algorithm works along a sequence of subgroups which are alternatively
subgroups and overgroups of each other ( down and up process)



Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

1. Assuming that the Orbits on points can be computed, the main goal is to provide a triple (z, g, @)
which is a solution to the orbit problem on G acting on admissible subsets of X.

2. Inductive approach: we are going to compute orbits of  on 2, (f)(X) fori=0,1,...., this
corresponds to a breath first search.

3. Ifi=1thisis reduced to be the basic Orbit on Points Algorithm.

4. Letorbit (G, @, (f)(X) )=(7; 0, @;) be a solution of the orbit problem on i-subsets.

5. Assume that a transversal 'l'i of orbits of G on sets o, 2 (X) has been already computed.
A set R is canonical if it belongs to one of the transversals T, for some i.

6. Inorder to Compute Ti+1 , consider extensions of the sets in Ti
An extension is a set of the form RU {x} € ¢, , ; (f)(X)
Rct cp, DX, xeX\s



Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

7. To compute the next level of orbits on (i+1)-sets we have to deal with:

Ensure that each G -orbit on admissible (i+1)—sets is reached.

Determine when 2 extensions are isomorphic R U {x} and S U {y}, i.e.
belong to the same G -orbit. (R andS are both canonical, sinceR,S € Ti )
Problem 3: Compute iny the Stabilizer Gy, (,,, assuming that G is known.

Problem 4: Provide a transporter map ¢; , ; for (i+1)-sets, thatis, given a (i+1)-

subset F € X ,compute g € G s.t. Fg ETL-+1
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subset (Snakes and Ladders Algorithm-Overview)

Problem 1: Ensure that each G -orbit on admissible (i+1)-sets is
reached.

Problem 2: Determine when 2 extensions are isomorphic R U {x} and
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Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

Problem 1: Ensure that each G -orbit on admissible (i+1)—sets is reached.

Let F be an admissible (i+1) —subset of X .
Let zz= max F , let H := F\{z}, admissible since f is hereditary

Thus H € G(R), forsomeR €T; ,Hg=R, forsome g = ¢(H)

let x :=zg € X\ R, therefore F ~ R U{x}, oneof the candidate sets which
We considered.

F

Z




Deff: P(x) (0,1)

|

A c PG, (q@);|X|=n, Inpuy
/ With {p,,...p,} in gral position

Def P.f(X)=P.(X)N f ~ 1{x}

|

Assume an initial value
for 7; (G, P{(X))

x

T; Canonical w.r.t
some ordering

RE T, C P.f(X)
Canonical i set

v

\4

Compute F=RU {x}
An i+1-subset of X

>

Def G=PGL,(q)

Return )

A F~ G RU{‘X}

Problem #1
Keep R, {x} Ensure that
each G orbit

(i+1) is
reached
subroutine
flow chart



Chose F
(i+1)-subset € X

Z Input X,R € t;,, Canonical i set /

Let Z:=Max(F)

H :=F<{z}

A

Compute g=@(H)
s.t. Hg = R, HE G(R)

(Check Problem 4)

Problem 4
Compute F i+1-subset Subroutine
to find Re P/f(X), {x}
flowchart

Return )

. A new orbit on admissible (i+1)

X =2

is reached
/
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| Why stabilizers subgroup are so important here? ‘




Subroutine
/ cl;ndizlalte \ (~  GivenRSET, (
J. N\ extensions N EZEXRY ENS
Compute RU {x} , Problem #2
SV} ( Screening candidate sets for extension
Subroutine
. flowchart )
Assume orbit (G,P,(X))=(z;,0,, ;)
]
j=1 ” R=R(J) —
#
No
Yes
t= @;(R\{r}) U {x})
j=j+1
RU {x} ~; SU {y} Yes T e No

Subroutine for

o

Isomorphic
extensions

>

N




Canonical
i-set?

Yes

Canonical
nder G2

\/—

Problem 2
Subroutine checking
admissible
candidate extensions
flow chart

v
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Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

Problem 2: Determine when 2 extensions are isomorphic R U {x} and S U {y}, i.e. belongto
the same G -orbit.

A necessary and sufficient condition is given by:
Lemma

Assume that the orbit (G, 0,(X))=(t;, 0, ¢;),forR,S€T; ,x €X\R, y € X\S,
We have R U {x} ~ . S U {y} iff one of the following conditions hold,
1. R=Sandx~G,y ,or
2. AreR, st. (R\{r)U{x})t=S and rt ~G,y
where t = @, (( R\{rhuU {x}).



Problem 2: Determine when 2 extensions are isomorphic
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Fig. 9.4 Orbits of PGLy(2) on Peg (PG3(2))



Necessity

RU{X}_)G SU{y}
R.h=S x.h=y
R=S R,SE T;

R.h = S.h=S
he G,

Case 1

id

R # Rg € SU{y}
x.g €S, g€ (Gx*)
If r=y.g !
g=txh, he((G,*)
g € tG,
(r).th=).(txh)y=r.g=y ,
heG,

Case 2

t

aD

v

(r)t y

t =¢@; (R{rHYU {x})



Sufficiency

R=S
X= Ar s.t. ((R\{rh u{x}).t=3S
Case 1 he Gi] Case 2 r.t.h(=r.(t*h)=y, he )Gs
x.h = y=x (R ufx}).t.h
(RU {x}). g = (R\{rHu{x}).t.h U{r}Lh
=R.gU{x.g} =S.h U{r.t.h}
=SU {y} =S u{y}
id t t = @; (R{rhu {x})

heG
re o S .y X th .Y

(r).tth=r.g=y ,h€ (G, *

(r)t >y
G

S



Rejecting Isomorphic Extensions
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Assume RU {x} ~; S U {y} Subroutine for Isomorphic

extensions
R=S No  ('veep SU{y}C

flowchart
Yes

Geep RU{x} (
No
X<y C(eep SU{y} (

Yes

Geep RU{x} ( * v >< Return )




Problem 1 Redefinition

Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

Results got in problem 2 let us refine condition for Problem 1.

Problem 1: Ensure that each G -orbit on admissible (i+1)—sets is reached.

Corollary

It suffices to consider only extensions of the form

RU {x}, where R is a canonical i — set and
x € X\R is canonical under the stabilizer

Grof RinG
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Problem 3 Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

Problem 3: Compute Stabilizer in G of an extension R U {x},
assuming that G is known.
If the extension is R U {x}, compute Gg,, a set-wise stabilizer.

A relationship between groups Gy and Gy 1
neither is a subgroup of the other.

They share a common subgroup, Gy, , set of elements which
stabilize R setwise and x pointwise.

First, go down from G to Gy, (down step, generators of Gy , can be computed
from generators of G, using Corollary of Schreier Th. )

Second, to compute Gy, from Gy, (up step, using some Lemmas)



Problem 3

R is an admissible

extension candidate

Compute G,

Computing stabilizer of
an Extension Candidate

e

\{;own step subroutine

Block diagram

Compute Generators
of Gg 1y
Using Generators
of Gy

\4

Gr ix

\

N\

GRU{x}

Compute Generators
of Ggyg
Using Generators
of Gg 1y

Up step subroutine



Theorem:(Otto Schreier)

Let G be a finite group generated by a set of elements S.
Let H < G.
Givens € G Let R={r € G| Hr € G /H} containing 1.
Forr € R,s € S, Letrs be the unique element in R with rs€ Hrs.
Then,

H=<rsr_s_1) ,TER,s€ES

_ . . d
Each rs is called Schreier generator.

ArsER | rs€ Hrs.

H=(rs7s')

Remarks: Recall that G = U,.¢g Hr
Notice that’ g € R the unique elementst. g€ Hg
then hg =g if he H

g =9 VJgeEG
g=1ifgeH




Corollary of Scheirer Th.

Let group G act on a finite set X and let S be a set of generators for G.
For x € X, let R={r,, 1,,..71,} withr;=1 set of elements s.t.:
For each y € G(x) 3 one and only one r, ER withxr =y , (|G(x)]|= L)
Then
= = —(y o<1
G,={s€CG|sx=x} G, =(r,sT,s"') 7r,ER, SES

I TrSER| rseHrs



Get set S of Gy
generators

Applying Corollary of
Shreier’s Th.

: To find G
/Get wE X HGet R={r,...,r, }/_1 o G:{}
L=|R]|
RE(LIUR o L=L+1
No
.| Get y(i) € G(x)|~—— 0 - 0 I'i
. Yes
=L R GR,{x}
> k=k+1 \/r-
i=i+1
*
| r =R(k) C Return )
No
B ~~ Compute :
ii=ii+1 | s=sli) . n = rsrs 1 GR,{x}= GR,{x} U {n}
Yes Yes

T




Problem 3 Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

Problem 3: Compute Stabilizer in G of an extension R U {x}, assuming that G is known.
Lemma:

For an action X the following holds:
Vx € X, the mapping
0,:G/Gx - G(x):
g6, gx,g € G
Is a bijection between
The set

G/G,={g G, |g € G}

For Finite sets |G(x)| |G: G, |=|G/ G, |=]|G|/]| G, |



Bijection Orbit Space and Cosets representatives of Stabilizer







Problem 3: Compute Stabilizer in G of an extension R U {x}, assuming that G is known

Lemma:
Let H actonaset X, LetV=H, be point-wise stabilizer of x € X
Let R be a set of elements of H s.t. foreach y € H(x), 3 one and only one g € R
With xg = y. Then R is a set of right coset representatives of V in H.

We call H the extension of V w.r.t. , the coset representatives R,

Vs Qi v V9 =H



Problem 3: Compute Stabilizer in G of an extension R U {x}, assuming that G is known

Extension of V wi.r.t.
coset representatives

H= Ext (V, R, x) = U,eg Vr , union over disjoint
cosets.



Extension of V w.rit.

3 X » choose coset representatives
x€X —'| Let V=H, Down and up procedure
flowchart
Compute
Orbit H(x)
H=H+V g
No i=i+1

is H(x),
the last
element?

the last
element?

<Iompute Coset Vb

l C Return )
y=H(x); I T -
_ g—-H’

/ Yes Ext(V,R,x) = H Yes

. .‘ /—
< No | M Yes

: Yes
g=H(l) g xXg =y > g=q+1

No

No




Problem 3: Compute Stabilizer in G of an extension R U {x}, assuming that G is known

Special orbit sets R*(x) and R(x)

for R ETl- , XEX\R,

R*(x):={r € R| (R\{r})U {x} € G(R) andrt € G (x)} where t = ¢@.(( R\{r}HU {x}).

Let R(x):= R*(x) U {x}

G (x)
_________ G(R)




Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

Problem 3: Compute Stabilizer in G of an extension R U {x}, assuming that G is known.
Lemma

Let G actonaset X,

Assume (G, §,(X))= (t;, 0, @;), for R € 7:i ’
Let (GR’ X \ R)= (TR; O-R) (pR)i

fix x € TR’
Then R(x)= (G y () X)

In particular Gy = Ext (G, R, X)
where
R={1}U {t. ¢, (rt) |7 € Rx(x),
with t = ¢@; (R\{rHU {x})}.

Here Gy, =Gz NG, ={g € G| Rg = R, xg = x}
and
Gryy IS the set-wise stabilizer of the set R U {x}



Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

Problem 3: Compute Stabilizer in G of an extension R U {x}, assuming that
G is known.

X\R




A

1,0, Q;

kk=kk+1

— 7L i /

=7, ‘kk
o x = 7p(kk)

\4

Compute +
X\R (Gru g, X)=R(x) kk=kk#1

=1 ‘

=[X\R] ) " (T O 07)=
i Grypy= Ext (le,x; R, x) < (Z};’G)?\(pﬁ) >

Yes .
element i
fX\R - R={1JU{t. o, (Ft) [T € R(x)= R*(x)U{x)
.”_JJ+1 A R*(x) A
| t = @, (R\{rHU {x} -
__ (RMriu {x T
r=R (ij) '
] C Return ) Yes
Compute
Orbit G(R) No =Pi(R\frp) Y X1
rh\ Computing stabilizer
element \.. of Extension set
subroutine No

Yes of R
flowchart



Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

Problem 3: Compute Stabilizer in G of an extension R U {x}, assuming that G is known.
Lemma
Let the group G act on a set X, Assume that orbit (G, ,(X))= (t;, 0, @;), for R € T; , Let orbit
(Gr, X\ R)= (T, 0g, @), fix x €ETf1r ER

Then,

1. ifr € R+(x) thenrs € Rx(x) foralls € GRru ().
2. ifré& Rx(x) thenrs & R+(x) foralls € GRU{X}.



=)+l

v

+__i7/“5@ﬁm=
(T, 0, @),

R = Ti(jj)

>Compute orbit
(Gr, X\ R)

>

\4

(Try O, @r)= (Gg, X\ R)

k=k+1
x = Tx(k)
r = R(k)

C Return )

< rs — Rx(x) (—
N

Reducing number of
7 € R to compute
R(x)
Alternative
procedure
flowchart

No

Yes

Kk
= GRU{x}( )

kk=kk+1
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General Algorithm of snakes and ladders for generation of codes.



Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

Problem 4: Provide a transporter map ¢, ,  for (i+1)-sets, thatis, given

a (i+1)-subset F € X, compute g € G st. Fg ETl-+1

Find g=¢ ; , 1(H)
s.t. Hg = R, HE G(R)

Given a set F of size i+1, the question is to find the canonical representative
RU{x}et,,, with F~,.RU{x}
We wish to determine anelementg € G with Fg = R U {x}.
The problem is solved recursively,
F is splitinto zz=max F and H=F \{z}.
By induction we can compute an element t = ¢, (H),
Then S :=Ht is a canonical orbit representative
Using orbit data compute h € Gs s.t. hth =y is canonical under G..
If SU{y}is canonical under G, we return th,
Otherwise, if SU{y}is a fusion node , then
We have a fusion element y¥s(y), s.t.
(SU{y}) ¥s(y)= R U {x} is canonical



Input F
(i+1)-subset € X Input 1, map

Problem 4
Compute g=¢ ; (H)
Let Z:=Max(F) subr‘gu’z?nleJr 1
flowchart
Il
Z:=F\{z}
t=(pi (Z)’ v
S=7t;
C Return )
h =1 (zt) X g=th
Fg =R
y =Zth i o
g=th¢s(v)‘

\/—-



Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

Where the function ¢; 1 is defined as follows.

24) function @;1(F)

25} z=maxF 7= F)\ {2} (asetof size i)
26) t =gl 7)

97) 5= 7t

). b= welzl) ¥ = 2th

) ifPs(y) has been defined then
)

)

)

)

)

W NN
- \D 00

return this(y)
else

return th
end if

end function
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Snakes and ladders algorithm ( Leiterspiel, B. Schmalz, 1992 )

Theorem Let G act on the finite set X_ Assume that we can compute stabilizers, group
extensions and orbits on points for subgroups of G. Furthermore, let f I’(}I } —
{D,l} be a test function which is G-invariant and hereditary (in the sense of 9.5.1
and 9.5.2). Then Algorithm 9.6.10 computes the orbits of G on P(f) (X} — 'P{X) M

f_l{:{l}], the set of admissible subsets of X. ]

1 iff Sisadmissible
f is f(S) =f(Sg) YVgeGVSCS X invariant under action of a group

fS)=1=f(T)=1,YT <SS <X Hereditary property



Algorithm (orbits on subsets)

Input:
Output:

urhit(G, PI-E)]{X)) = (T:'+1;ﬂ":'+1; ‘?i+l)

(0) forR e T;do

(1)

compute orbit(Gg, X \ R) := (T g, 0r, ¢r)

(2) end for
(3) Ti11:=0@

(4) for R € 7; (in increasing order) do

(5) for x € TR (in increasing order) with f(RU{x}) =1
and for which ¢g [x) has not yet been defined do
(6) Grx == OR(%)
(7) H = Grx
(8) for all r € R which are least in their H-orbit do
9) f= gi((R\ {r}) U {x})
(10) 5= (R\{r}) U {x})t
(11) h = @s(rt)
(12) y = rth
(mow: (RU{x}th=5U{y}, se€T;, yeTs)
(13) ifS=Randy = x then (caselof961)
(14) H = (H,th)
(th is an automorphism of RU {x})
(15) else (case2o0f961)
(16) Ps(y) = ()1
(th is an isomorphism from R U {x} te SU {y})
(17) end if
(18) end for
(19) append RU {x} to 741
(20) oit1(RU {x}) == H (= Ggru(a})
(21)  end for
(22) end for

(23) return (7 ;y1,0;11, ®iy1)



Input: orbit(G, 'P!-U](X}) = (T;,0:, 9i)
Output:  orbit(G, 'PH%{X)) = (Ti11, 0141, 9i1) (G @-(f) (X))= (1, 0, @)
Vi 1 1R 1% L1
(0) forR €7 ;do
(1) compute orbit(Gg, X \ R) := (T g, 0r, ¢r) Introduction
(2) end for Block
(3} Ti+1 =@ .
Find smallest element
Of R € 1
Keep R ; smallest
elementinR € 1,
Yes v
elementin T, N \
o)
ompute orbit
ji=ij+1 (G X\ R)
1st For
_ Nested
= T,,1=0

\/



(4) forR € T; (in increasing order) do

(22) end for

Introduction

Block
\/ NO
(T 00y 0P g1 kk=|R|
Yes
_—

1st For
Nested

0, + 1~

Second For
Nested

(&U{x}a Tiv1
) N—




(5)  forx € T (in increasing order) with f(RU {x}) =1 Second For

and for which ¢g(x) has not yet been defined do Nested
6)  Gra=0r(x) -
(7) H = Ggy Keep x &
(19) append RU{x}to 71
(20) oiy1(RU {x}) == H (= Gryqy)) flRU ) = 1
(21)  end for No (& { })
15t :J
Nested
For Yes x=t(iii)€ T
i No EY
not defined
ii=iii+1
H:=G R i) H:=G A x Computé
G 4, 0x(x
Compute T B TR )
G 0 X) Compute
{x} {x}
Aot "By Orbit (H, K)
3rd
(RU {x}) - 7, Nested

< \For/




=g, ((R\r}) U &)

3rd Nested For

S:= ((&{T}Q U {x}t)

(8) for all r € R which are least in their H-orbit do
(9) b= @i((R\{r}) U{x})
(10) S= ((R\{r}) U {x})t
(11) h = @s(rt)
(12) y = rth
2nd
Nested
For

r least (H,R)Y

y

Compute
g=9 ; 4 1(H)
subroutine
flowchart

h:= ({?S(rt)

y =rth

Yes

Yes

(17) end if
(18) end for

<

Find smallest
elementin
(H,R)V —




