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Cryptology: Secret-sharing matroid

Let A=(a;,: 1€ Z, e € E) be a matrix with entries from some finite
set S, and let M be a matroid with element set E. Then A is a secret-sharing
matrix for M iff V X € E, the submatrix (a,.: 1 € Z, e € X) has
precisely 1SI7X)
distinct rows, where r,(X) denotes the rank of X in M.

Ex: Blakley's scheme in 3 dimensions:

each share is a plane, and the secret is the point at which three shares
intersect. Two shares are insufficient to determine the secret, although
they do provide enough information to narrow it down to the line
where both planes intersect.

P.D. Seymour, On secret-sharing matroids, J. Combin. Theory B 56 (1992) 69-73.
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Meet partitions of a Matroid

A partition with all blocks having the same number of elements
will be termed uniform.
All meet-partitions of a p-representation ¢
are uniform:
all blocks &, of I have the cardinality d"(¥)-(
especially, &, has only one block being the whole set and
&y has d™™) blocks being the singletons of .

é'(b ‘51 62 fN

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Q + @ ; and | are two sets, elements of Q' will be
denoted by X, = (x,);¢; and the coordinate projection of x,€Q'on Q’; ] C I, by
1 (%) = (x;);¢;; Q% is a fixed one-element set.
Subsets S of Q' will be projected
similarly 7;(S) ={m(x') € Q) ; x' € S}.

Ex:

1y (%p) = 72 (21 Xop Xape vo Xgpe - X X)) = (X1, X X3 o0 X )
To(X)) = To(( X 1) Xop X3p v X gper - Xjper - Xp))=(X 1) X X3 won X gie)

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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C -Quasigroups.

Let the set C + @ then a C -quasigroup
on Q # @ will be a special subset q. of Q¢ defined as:
Vi €C,
V Xc; € Q¢ ~ ' 3 aunique y,€ Q s.t.the C -tuple z . composed
fromm,_(z.)=x,_and m,(z,) =y;belongstoq,.

Z¢e =((xc5)YDE q¢ € Q={(xyy xgp X34 X ) Xy € Q}

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Coordinate Partitions of ().

Ex.
Let (N; r) be the free matroid on N(r(I) = |I|; I € N) and Q a finite
set, |Q|=d =2.

Weset 0 = QN and ¢, ;i € N, be partition of ) with
the blocks {xy € Q; m(xN) = a}; a € Q.
The blocks are it" parallel coordinate layers of QV .
Hence ¢ =(¢, )i € N is a p-representation of the free
matroid of degree d.
blocks of ¢ are intersections of the coordinate layers with (), thisis a

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Coordinate Partitions of ().

The system of all coordinate partitions
of any N —quasigroup =qy € Q¥ on Q is
p-representation matroid U,, _
of degree d.
The ground set is N with |[N|=n = 1 and rank function (I ) = min{|I|; n — 1};
I € N; the only circuit of the matroidis C = N.

.n
)

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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P- isotopic representations

Two p-representations = (¢, ), iEN and (; ), iEN of a matroid (N; r);
living on two sets .and (1, ; respectively, are p-isotopic if there exists a bijection f
of );onto Q, such that ¢, =n, ViEN

Ny N N
Q,

Q2

St(z) fl fN

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Coordinate Partitions of Qn .

If Q is a set of cardinality d and
f.: Q. — Q is a function distinguishing and constant on the blocks of €;;i € N,
then the composed function f) defined by fy (w)=(f(w)) i€ N; w € Q,,
maps injectively into QV .
Let O, = fy ((,) be the image of (1,
and fy ; = 1, be the partitions of (1, .
Obviously, n = (n, ), 1 € N is a p-isotope of «.

Hence, m;(Q,)=Q" ,VIC N, m;is a coordinate partition.

Ny N4 N
{1,
A
fio ol f, T fy
I ¥
QS
g &1 €N

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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A p-representation of a matroid is p-isotopic to the
p-representation which lives on a subset of a Cartesian product

Let € be a p-representation of a matroid of degree d living on (. .
If Q is a set of the cardinality d and f, : Q, — Q
is a function distinguishing and constant on the blocks
of & ; i € N, then the composed function f\ defined by

fy (w)=(fi(w))ien s WE Q,,
maps injectively Q, into QV.

J I [
X11
X es NI > J B Qe
° \J

. f: 2,1 : © Q

fy (0)=(f;(w))ien
g €N

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Lemma 1.4 of F . Matus

Let N be a finite nonempty set and 4 a nonempty hereditary family
of subsetsof N (I €  and ] c [ implies] € J). Let G be the family of
all inclusion-minimal subsets of N out of 4.
If Qc QV; |Q|=2finite;s.t. w, (Q) = QI for I € Jand m () is a C-quasigroup
on Q for C € G then Jis the family of independent sets of a matroid on N. The

N coordinate partitions of () form a p-representation of the matroid of the
degree |Q|.
J I N

)x( qu )x( ; ) . g

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Coordinatizations of p-representations

Let (N; r) be amatroid and ¢ its p-representation of degree d>2 on (), .
A p-isotope n of ¢ living on Q, is called coordinatization of & w.r.t. a base | of the matroid
if Q, = Q" for some finite set @ of cardinality d and
n; ;1€ I; are the coordinate partitions of Q' .
When n = ¢ here we say that € isin
w.rt. |.

- ni
X11
< o am ¢ aee Y
Q

Q

QI=

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Coordinatizations of p-representations

every p-representation can be brought into the
coordinate form w.r.t. any basis |
of the underlying matroid,;
it suffices to transform it by a
composed function f, (w)=(f,(w))i¢, ; W€ L.,

QI=

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Abstract Algebra Characterization of Quasigroup (S, *)

Cayley Table
Aset S of N distinct elements (symbols) is a

quasigroup of order N if there is

a binary operation *
defined onthe sets.t.Va,b €S
the equation axx = b and y*a = b
each have exactly one solution.

ISI=N
A
a x’ a x X=X

a b x Sy

S;j=S; * Sj, Sy € S
VSU 3 Slljl S.t. Sl"j’ = Sl]
Sy = A*X Sy =y*a

ij, 0,70, v €{1,..,N} y'=y

Smith, Jonathan D. H. (2007). An introduction to quasigroups and their representations. Boca Raton, Fla. [u.a.]: Chapman & Hall/CRC. pp. 3, 26—
27. ISBN 1-58488-537-8
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Latin Squares

A Latin square of order n, L(n), is an arrangement of n symbols
(usually the first n positive integers) in an nxn
array where every integer appears exactly once
in every row and exactly once in every column.

A Latin subsquare of L(n), say K (m) (with 1<m<n),
is a subarray which is itself a Latin square.
If m is different from 1 or n, K is called proper Latin subsquare of L,

1 2 3|4
2 1 4|3
3 4 112
4 3 21

LATIN SQUARES AND APPLICATIONS By Aman W. Ghebremicael, Masters of Science in Mathematics, Southern lllinois University, 2002
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Latin Square Transversal

Ex. Latin square shown in Fig. has a subsquare of order 2 (an intercalate) at the
intersection of rows 2, 3 and columns 1, 4 based on symbols 2 and 3

Fig. Latin square of order 4 with a transversal and 2x2 subsquare

3 4
4 3
1 2
2 1

B o R
w-bl—‘l\)

LATIN SQUARES AND APPLICATIONS By Aman W. Ghebremicael, Masters of Science in Mathematics, Southern lllinois University, 2002
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Latin Square Transversal

A Transversal of a Latin square,
which is a set of n different entries
no pair of which belong to the same row,
column or symbol.

Ex: The set T={(1,1),(2,3),(3,4),(4,2)}
IS a transversal for the
Latin square given under Fig.

1 2 3 4
2 14 3
3. 4.1 2
4 321

LATIN SQUARES AND APPLICATIONS By Aman W. Ghebremicael, Masters of Science in Mathematics, Southern lllinois University, 2002
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Theorem: The multiplication table (unbordered) of a quasigroup is a Latin
square
Proof.
Let a;, a, ..., ay be elements of the quasigroup. Let the Caley table be (a,,)
where entry a,. (r' row and ¢ column)

SR is product a.a,
U Q1 0y G Since equations a,x=band ya_.=c
@ | ay each have exactly one solution,
a |8 we have each element _of the multiplication table
WL Ayy occurs exactly once in each row and column.

Thus the Caley table without
the borders represents a Latin square.

Moreover, if the quasigroup is associative, its Cayley table is a Latin square that satisfies
a special criterion, quadrangle criterion.
V a; inthe set, a,, = ai, whenever a,, = a;;, a,y=a, and

ark:ash'
y Y
Ary Gy Ag;; Qg

LATIN SQUARES AND APPLICATIONS By Aman W. Ghebremicael, Masters of Science in Mathematics, Southern lllinois University, 2002
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Universal Algebra Characterization of Quasigroup (S, *,/,\)

A quasigroup (S, *, \, /) is a type algebra (i.e., a Set S equipped with 3
binary operations) satisfying the identities:

y = x * (x\y);
y =x\(x *y);
y=/x)*x;
y=0=*x)/x.

This is a algebraic variety since it is an equationally

defined collection of elements from a single algebra.

Here left and right division are
taken as primitives, ( they don’t have net effect together with *)

Smith, Jonathan D. H. (2007). An introduction to quasigroups and their representations. Boca Raton, Fla. [u.a.]: Chapman & Hall/CRC. pp. 3, 26—
27. ISBN 1-58488-537-8
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Universal Algebra Characterization of Loop (S, *,/,\)

A loop is a quasigroup with an identity element e, s.t.:
x*xe = xandexx =x Vx€Q.
It follows that the identity element, e, is unique,
and that every element of Q has a unique left inverse ("1x or x°)
and right inverse (x ~ 1 or x%)
Since the presence of an identity element is essential,
a loop cannot be empty.

e=(x Dxx=/x*xx=xx/x =x*(x" 1)
x\(x x)=Cx)xx=xxClx)=x * (x\) =e.

e/x = x*
x\e = x°

Smith, Jonathan D. H. (2007). An introduction to quasigroups and their representations. Boca Raton, Fla. [u.a.]: Chapman & Hall/CRC. pp. 3, 26—
27. ISBN 1-58488-537-8.
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Algebraic structures between magmas and groups.

Magma ( Groupoid) :
consists of a set, M, equipped with a single binary operation, M XM - M.

The binary operation must be closed by definition but no other properties are imposed.
Magma

divisibility associativity
Quasigroup Semigroup
identity identity
Loop Monoid
associativity invertibility
Group

Group: is a set, G, together with an operation e that combines a,b € Gto forma ¢ b € G.
the set and operation, (G, ¢), must be closed, associative, has inverse and identity.

Hall, G. G. (1967), Applied group theory, American Elsevier Publishing Co., Inc., New York, MR 0219593, an elementary introduction
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Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Latin partition (level partition of a quasigroup)
A partition of Q' is called a latin partition if its blocks

can be given as {x; €Q'; q' _; (7 -i(X))) = a}; a € Q, where q. is a C-quasigroup
onQ;i&l,andieC ciUl. Latin partitions are uniform.

X]

AN AN AN
HEE ) ®) | ) o

\\ (XI) %./ qC‘\_/Q \/QC/

T[C 1(XI) .

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Systems of quasigroups with generalized identities.

Let Q be a finite set, Let A, be a the system of all quasigroup operations
defined on Q, satisfying :
A[B(x,y),2z1=C[x,D (y,2)] (x,y,z €Q),

A, B may take any valuein A, , and C, D may take restricted
valuesin A, , depending on A and B.

Such systems exist only

when

R. Schauffler, Die Assoziativitat im Ganzen besonders bei Quasigruppen, Math. z. 67 (1957), 428-435.
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Fixing Notation .

Let ‘s denote Q a
elements of Q are denoted by lower-case latin letters
ab,c, ..x,y,2,..; p,q,7, .. .

on @ are denoted by capital latin letters 4, B, C, ... X,Y,Z, ...; P, ....

A(a,b) = cmeans: result of operation
Atoa, bin Q, inthe given order, is the element cin Q.
Binary operations are also denoted by symbols * ,0,®, ...
Sets of operations are denoted by capital greek letters: 2, Q, @ ....

V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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Essential Universal Algebra Concepts

Let M be a non-empty set of elements x, y, 7, ...

the ,and let Q) be a
e All free elements are Q- ,
* Ifw; w,arewordsand 4 € O, thenw = A(w,, w,) is aword.
The words w, and w, are of w.

w = ®(W), where @ is the collection of
and W for the collection of
in M that actually appear in w.
Ex: W = A{x,B[C(y, 2),x]},
then @ and W/
The order of operations acting in @ acting on the free elements in W,
Determines uniqueness.
number of free elements in w
(including repetitions)
# of operations in @ (including repetitions) = Length( w)-1

A.G. Kurosh, Lektsii po obshchei algebre, 1zd. Piz.-Mat. Lit., Moscow 1962. Translation: Lectures on general algebra, Chelsea, New York 1963..
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Algebra of words and Identity

Let Q(X) be an algebra, that is, a
set Q with some set X of operations.
Letw,, = &, (W), w, = &,(W,) be two
words w.r.t. ), that is, w, and w, lie in the

DEFINITION. We say that the
w, =w,or ®,(W,)=d,(W,)(1.1)

is if (1.1) holds in Q(Z) whenever the free elements in
W =W, UW, are replaced by arbitrary elements in Q and the operations in
® = P, U D, by fixed operations in .

A.G. Kurosh, Lektsii po obshchei algebre, 1zd. Piz.-Mat. Lit., Moscow 1962. Translation: Lectures on general algebra, Chelsea, New York 1963..
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solution

V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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Groupoid
a set G with a -1 and a W

-1 is not a binary operation , is an operation with only one operand, i.e. a single input.
* is not forced to map every element of X to an element of Y (only some subset X’ of X).
* and ! have the following axiomatic properties.

Leta, b, c €G. Then:

If a* band b * c are defined, then (a * b) * cand a * (b * c) are defined
and equal. Conversely, if either of these last two expressions is defined, then so is the
other (and again they are equal).
al*aand a*a!are always defined.
:Ifa*bis defined,thena*b*bl=a,anda*a*b=b.

From these axioms, it follows that :

(@)t=q
If a * bis defined, then (a * b)1=b1*a L.

Matt Insall, "Unary Operation", Math World. Christopher Hollings (2014). Mathematics across the Iron Curtain: A History of the Algebraic Theory
of Semigroups. American Mathematical Society. p. 251. ISBN 978-1-4704-1493-1.
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Loops and Permutations.

If quasigroup Q(-) has an identity,if3e €Q st.ex = xe = xVx€Q,
then is called a

Mappings from Q to Q will be denoted by lower-case greek letters:
a,B,Y, ... ,p,0, .., and written on the left.
If a is a one-to-one mapping of Q onto itself, it is a
even if Q is infinite.
Let Q(A) be a groupoid; then the mappings
L,(a)x = A(a,x) and R,(a)x = A(x,a) are called
of A, respectively.

V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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Right and left invertible operations.

Ais , if
A(a,x) = b hasaunique solution for any a, b, we denote it by
x = A1(a, b). From this we define the Al of A.
The -1 A is defined from the solution of A (y, a) = b when A is

, and we write y=-14 (b, a).

Further one can form the inverse
Operations YA -D=(1A) ==[1(A-D] ="1[( 1 A) ']= A* which is defined by
Ax(x,y) = A (y,x). These are all quasigroups.
No other inverses of A exist.

V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.




A.W. Ingleton Algebraic Non linear 11 elements Matroid

Isotopism of operations.

Two B and A defined on the same set Q are called
(B is an isotope of A) if 3 a triplet T = («, S, y) of
permutations of Q s.t. B (x,y) =y A (ax, 8y)
Vx,y €Q.Inthiscase B=ATorB=A RV,
if the groupoid Q (o) is isotopic with the groupoid Q(:), then (o) = (-)T.
We call the triplet T = (a, B,y) an
Ifa = [ =y, then (a,a,a) = a and the formula

B = A* means that B is to A.
Isotopism is an equivalence relation on the set A of all operations
If AT=A, thenT = (a,B,y) is called an of A. If
A =A% where a = (a,a, @), then a is an of A.

V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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Principal Isotopism of operations.

A quasigroup (L,-) is isotopic to a quasigroup (M,°)
provided there are three one-to-one mappings
a, 5,y of L onto M s.t.
x,y € Limpliesxa o yf = (x.y)y;
If y is the identity mapping, then we say (L,-) is
to (M,o)
Both isotopy and principal isotopy are equivalence relations.

If a quasigroup (L,") is isotopic to a quasigroup (M,o) then
there is a quasigroup (L, #) such that (L,-) is principally
isotopic to (L, #) and (L, #) is isomorphic To (M,°)

PRINCIPAL LOOP-ISOTOPES OF QUASIGROUPS B. F. BRYANT AND HANS SCHNEIDER
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PRINCIPAL LOOP-ISOTOPES OF QUASIGROUPS B. F. BRYANT AND HANS SCHNEIDER
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A. A. Albert, Quasigroups |, Trans. Amer. Math. Soc. 54 (1943), 507-519.
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Some types of Quasigroups & Loops .

A quasigroup Q(+) is called:

a) ifx:-yz=xy-xz,yz- x=yx- xz;
b) ifxy - uv=xu- yv;
c)a if x - xy =yx)\
d) if Q(+) is isotopic with a group Q(°) and the isotopism has

the form xy = @x o t o Yy, where @, are automorphisms of Q(o) and tis a
fixed element;
e) aloop Q(-) is called a ifx(yz- x) = xy - zx.
All equations are valid for all x,y, z,u, v in Q.

V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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Algebra of words and Identity

let Q be the set of integers,
X ={—,-}, where (—) is subtraction and ()
multiplication; then the identity
Alx, B(y,z)] = B[A(x,y),A(x, 2)],
isvalidin Q(%), where A=(-) and B=(—), thatis,x-(y—2) = x-y — x- 2.
For instance, the operations A and B cannot be replaced by (—) and ()
respectively.

A.G. Kurosh, Lektsii po obshchei algebre, 1zd. Piz.-Mat. Lit., Moscow 1962. Translation: Lectures on general algebra, Chelsea, New York 1963..
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A.G. Kurosh, Lektsii po obshchei algebre, 1zd. Piz.-Mat. Lit., Moscow 1962. Translation: Lectures on general algebra, Chelsea, New York 1963..
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Algebra of words and Identity

We consider afield Q = Q(+,"),andletX=| 4, |
where A,(x,y) = (1 — a)x + ya, 1 being the identity element and a an
arbitrary element of Q. Then the following hyperidentity holds in Q(Z) :
X[x,Y(y,2)] =Y[X(x,y),X(x,2)].
This holds when x, y, z are replaced by arbitrary elements of Q and X, Y
by arbitrary operations of the form A4, (i.e., a may be any element of Q).

V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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Algebra of words and Identity

Suppose that X consists of a single operations A and
that the identity ®,(W,) = ®,(W,) holds in Q(¥) - clearly @, and @,
consist of A alone. Then in Q(Z") , where X' consists of all operations
isomorphic with 4, the hyperidentity ®,'(W,) = &, (W,) holds, where ®," and
®," both consist of a single operation X, which may take any value in &'

V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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Generalized Identity

Finally we say that the
(1.1) holds in Q (%) if:
) the equality (1.1) holds whenever free elements
of W are replaced by arbitrary elements in Q,
2) operations in a subset

@' of ® = P, U &, can be replaced by arbitrary operations in X, and those
lying in the remainder ®" = ®\®' by certain operations in X depending on

the operations in @'.

V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.




A.W. Ingleton Algebraic Non linear 11 elements Matroid

Generalized Identity

Let Q = Q(+,") be afield, and let X be the set of all
operations of the form A;(x,y) = [;x + mi, LY where [;,m; n; run
over the whole of Q. Then the generalized identity :
X[Y(z,y),2] = X'[x,Y'(y,2)] (1.2)
holds in Q(Z). Here X, Y may be replaced by any operations in X; for
instance X = Ai, Y = Aj; consequently @' = [X, Y], and then there are
operations X', Y' in X such that (1.2) is satisfied.
For instance X'(x,y) = kl; x +y,
Y'xy)=lmx+ my+ lin, + n
Here ®" ={X',Y"}

V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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Basic Identities

1. Xy-z = x-yz - associativity.
2. xy-uv = xu-yv - mediality (entropy, bisymmetry, quasi-abelianness).
3. yx'zx = yz - transitivity.
4. x-yz = xy-xz - left distributivity. Right distributivity is
defined in an analogous way.
5. x-xy = xx-y - left alternativity.
6. xy'x = x-yx - elasticity.
7. (x-yz)x = xy-zx - Moifang identity.
8. xx = x - idempotence.
9. x-Xy = yx - Stein identity.
10. x-xy = y - Sade's left "keys" law.

A. Sade, Quasi-groupes obeissant a. certaines lois, Rev. Pac. Sci. Univ.Istanbul Ser. A 22 (1957), 151-184.
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General Identities and Rank of identity

More generally, by the rank of an identity
o, (W,) = &,(W,) we understand the number of different
operationsin® =@, U @,
The rank of w, = w,or ®,(W,) = ®,(W,) cannot
exceed the number I = [, +I, - 2, where [, and [, are the lengths of w,
and w,, respectively. We call an identity of highest possible rank a
general identity

A. Sade, Quasi-groupes obeissant a. certaines lois, Rev. Pac. Sci. Univ.Istanbul Ser. A 22 (1957), 151-184
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General identities

1. A[B(x,y),z] = C[x,D(y,z)] - general associative law (or
general associativity).
2. A[B(x.y),C(u,v)] = A{[Bi(x,u),C(y,v)] - general mediality.
3.A[B(y,x),C(z,x)] = D(y,z) - general transitivity.
4. Alx,B(y,z)] = H[K(x,y),P(x,z)] - general distributivity.
5.A[x,B(X,y)] = y - general (left) keys law.
6.A(x,y) = B(y,x) - general commutativity, and so on.

A. Sade, Quasi-groupes obeissant a. certaines lois, Rev. Pac. Sci. Univ.Istanbul Ser. A 22 (1957), 151-184.
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General Associative Law
A-Systems

A system Q(Z) of quasigroups is called /eft generalized associative
(a left A-system) if the generalized associative law
A[B{x,y),z] = C[x,D(y,2)] (2.7)
with the implication (A,B) — (C,D) holds in
A right generalized associative system is defined similarly using
(2.7), but with the implication (C, D) — (4, B). If a system is simultaneously

a left A-system and a right A-system, it is called an
Let Q(+,- ) be afield, P(x,y) = kx + ly + r;
k,1,vr € Q, k+0, I+0.
Then Q(S) is an A-system of Z consists of all possible
operations P.

A. Sade, Quasi-groupes obeissant a. certaines lois, Rev. Pac. Sci. Univ.Istanbul Ser. A 22 (1957), 151-184.
V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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General Media Law

consider the identity
A[B(x,y),C(w,v)] = G[H(x,u),K(y,v)].(2.10)
a) The identity (2.10) occurs under various names: bisymmetry
(Theory of functional equations), , quasi-abelianness, etc.

THEOREM . [f six quasigroups A; (j = 1, ..., 6) are connected
by the general medial law
A1[Ay(x, ¥), A3(u, v) = Ay[As(x,u), A6(y, V)],
then they are all isotopic to one and the same abelian group Q (+)
Ailx, y) =ax + By Alx, y) = xx + @y
Ay(x, y) = al(yx + 6Y), As(x, y) = x(vx + 6y), (2.11)
As(x, y) = B (Ox+Py), Ag(x, y) = o (6x + Py)
The abelian group Q(+) is determined to within isomorphism, and all the 8
permutations a, 3,v,6,0, @, Y, y of Q in (2.11) are determined to
within equivalence.

Sade A 1959 Entropie demosienne de multigroupoides et de quasigroupes Ann. Soc. Sci. Bruxelles, Ser 1 73 302-309.
V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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Systems of quasigroups with generalized media law.

A system Q (Z) of quasigroups is called
a generalized medial system (M-system)
if the generalized medial law
A[B (x,y),C (u,v)] = A" [B' (x,u),C'(y,v)l
with the implication (4, B,C) = (4’, B’,C’) holdsin Q(X).

Here it does not make sense to discuss left and right generalized identities
For M-systems, since the implication (4", B’,C’ ) — (A4, B, C) coincides with
the previous one. This-is one
of the reasons why the medial is called the bisymmetric law.

Let Q(+) be an abelian group, 4,(x,y) =t — x — y.
Then 2 = |A|, with t running over the whole of @, is an M-system.
Let Q(+) be an abelian group and & *) the set of all
linear quasigroups over Q(+) . Then Q(Z( ) is an M-system.

Sade A 1959 Entropie demosienne de multigroupoides et de quasigroupes Ann. Soc. Sci. Bruxelles, Ser 1 73 302-309.
V.D. Belousov, Systems of quasigroups with generalized identities, Russian Math. Surveys 20 (1965) 73-143.
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Matroid quasigroup equations

We are going to associate a new system of equations to every
matroid.
These equations belong to the class of

The unknowns in these equations are
quasigroups(functions)
which after substitutions of their arguments
satisfy ordinary quasigroup equations.

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Matroid quasigroup equations

Let (N; ) be a matroid and Q a nonempty set.
A family of C-quasi- groups q. on
Q for C running through all circuits of the matroid
solves the matroid
quasigroup equations
if the following is satisfied.
For every basel ,Vie N — I,
for every circuit C containingiand V x; € Q!

@y @y - () =qiCl )

wherey. ,=(y)), ; . o _,hasthe coordinates
yj= qiy(i’[) (ny(i Iy - i (x[ )) fOFj €l — (l U I)
andy;=x forjecnl
In a single instance of I, i and C we speak about a matroid
quasigroup equation of (N; ).

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Matroid quasigroup equations

Let N = {1; 2; 3; 4}and U, , = (N; r) uniform matroid rank 2 on N.
There are 24 matroid quasigroup equations of U, ,.
The unknowns are four C-quasigroups
01235 O1245 G134 N Gp34 ON @ sEL Q
(Here q;,; stand for qy, ., 3, etc.).
Two of the equations have the form
q* 134X X3) = q* 124(X5 @P123(X5 X3)); X35 X3 € Q;
A*234(X3; X3) = q*124(q"123(X2; X3); X3); Xg5 X3 € Q;
indexedbyi =4€ C={1; 2; 4}; I ={1; 3}and I = {2; 3}, respectively.
Note that I N C is always a singleton.
Schematically this is written:
as
Stands for

q 134(x 5 X)) = q 124(x; q 123(x ;5 x)); x5 x3 € Q;

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Matroid quasigroup equations

For given j € N consider the group of 6 equations indexed by I; i and C
satisfyingI N C = .
15t group Eq. 4(1; 3) = 4(1; 2(1; 3)) is equivalent as
4(1; 2) = 4(1; 3(1; 2))
or 2(1; 3) = 2(1; 4(1; 3))
or 2(1; 4) =2(1; 3(1; 4))
or 3(1; 2) = 3(1; 4(1; 2))
or 3(1; 4) = 3(1; 2(1; 4)).
Hence, by symmetry,
the 6 matroid equations within each of the 4 groups are mutually
equivalent. These 2 equations belong to the 1t and 2" group.
If rewritten as 4(1; 2) = 4(1; 3(1; 2)) and 4(1; 2) = 4(2; 3(1; 2)), and
compared we derive 4(1; 3) = 4(2(1; 3); 3) of the 3" group.
or 3(1; 2) =3(1; 4(1; 2)) and 3(1; 2) = 3(2; 4(1; 2))
leading to an equation of the 4t group 3(1; 4)=3(2(1; 4); 4).

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Matroid quasigroup equations

the starting 2 equations are equivalent to
the whole system of 24 equations.
Recasting the 2 above equations into
q*124(X5; %) = Q134X Praz(X; X)) x45 X, € Q;
q*124(x5 X%3) = qp3u(2y q3123(x1; xz))ixli X, € Q;
Observe that
the mapping (x3; Xx2) = (@°123(x3; X2)); q*124(X1; x3))
must be bijective.
Hence, quasigroups g3,,5 and q*;,, are orthogonal.
Opposite direction:
if r3,,5 and r%,,, are 2 orthogonal binary quasigroups on Q
then the mappings
(xy; x3) = T154(03; T%123(X4; x3)) and
(Xz5 x3) = 14124 (1 153(%5; X3); X,) define
2 quasigroups on Q denoted by r 4,5, and r 4,,,.
C-quasigroups (ry,3; M174; M134; M34) solves the matroid quasigroup equations of U, _,

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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e . . . .
° ! ° Graphic Matroid of the Clique on 4 vertices o
M(K,),
e6 ez E={e1/ e2/ e3l e4l e5/ e6} o e6 e4
€,

&4 |: independent sets are the following forests

o o] e, (6]
€s
° (0] o o o e
e o] o] o o 1
! e €s
e . €
e e e o e %
€3 o« ° o 55 o
o ) > ) o €6 o
o 0]
e4 e2 (0]
€e
o) 7o) 0 . o © €, ° G €1
e, €3 o
° e e
€3
e /o) (o] 0 o

o o es e: e,

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany




A.W. Ingleton Algebraic Non linear 11 elements Matroid

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany




A.W. Ingleton Algebraic Non linear 11 elements Matroid

L

a1y
P-representation of M{Ks) via groups.

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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(woy)*z = w* (yo2z)

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Consequence 2.

If 4 binary quasigroup operations on a finite set Q satisfy
the equation (x . y)*z=x*(yoz)Vx; y; z €0Q
then 3 a group (Q; - ),
unique up to isomorphisms, and 5 permutations a;f;y;6;€ of Q s.t.
x.y =6 Halx), B(y));, x=*z=45(x) y(z)
yoz=€ HBY) v(z);, x* z=alx) e(z)
isvalidV x; y; z € Q.

Since the matroid M(K,) has 7 circuits its matroid quasigroups equations involve
7 C-quasigroups, e.g. (I ={1; 2; 3},i=4 and C = {4, 5, 6})
Q%124(X5; Xp) =
q4456(q5235(x2; Xg)}
0°136(X4; X3)); X4; X3 €Q;
which is the general transitive equation for quasigroups

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Fano matroid

Let K=GF(2), F=K(x,y,z)
Where x,y,z are independent transcendentals
The set S,={x,y,z,x+y,y+z,x+z,x+y+2}
Gives a matroid F,
Which is linearly representable x[

W

RO R
R R ol

1]
Matroids You Have Known, D. L. NEEL, N. A. NEUDAUER, MATHEMATICS MAGAZINE, VOL. 82, NO. 1, FEBRUARY 2009,




Fano Matroid F,

Matroids You Have Known, D. L. NEEL, N. A. NEUDAUER, MATHEMATICS MAGAZINE, VOL. 82, NO. 1, FEBRUARY 2009,




Non Fano Matroid

Representation of Matroids, A.W.Ingleton, Combinatorial mathematics and its applications, 149-167, 1971.
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Representation of Matroids, A.W.Ingleton, Combinatorial mathematics and its applications, 149-167, 1971.
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Proposition.
Matroids of rank 3 containing the graphical matroid M(k,)as subconguration,
like some classical nonlinear matroids will be shown here not to be p-
representable as well.

Proof.

All matroids of Fig. previous slide contain as restrictions (submatroids) the Fano
and nonFano matroids.
We shall classify the p-isotopy classes of the latter matroids here.
All p-representations of the Fano matroid will be found to have their degrees
equal to powers of two and all p-representations of the nonFano matroid to
have only odd degrees.

The matroids of Fig. in previous slide must be then non-p-representable.

Representation of Matroids, A.W.Ingleton, Combinatorial mathematics and its applications, 149-167, 1971.
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3 ’
A Proposition.
/N _ :
/ \\ All P representations of Fano matroid & iy Y
5/( U p\\ﬁ will be f.f’ D AN
NI found to have their PANANY
FA f \ " = B e
\ / degrees equal to powers of two. T+
/ Ny »
1 4 2 Fig. 8. P-representations of Fano matroid

Proof:

Points of the Fano matroid are labeled as in the M(k,) Fig. left ,center point gets the label 7.
Let € be a p-representation of the Fano matroid in the coordinate form w.r.t. {1; 2; 3}
and let (G; ) be a finite group defining the 6 partitions of € according to Fig. right.

The 7t partition is treated by an equivalence on G3. Where 1 is the unit element of (G;*),
(1; 1; 1) = (a; a; 1) since the blocks of €, are unions of blocks of {3;4}
Analogously (a; a; 1) = (a; ab; b) = (ac; ab; bc) thinking about {1;5}and {2;6}.
Hence {(c; b; bc); b; ceG} = {(ac; a; c); a; cEG}is a block of ¢, and
we read out the idempotence a? 1, a€eG, of the group operation.

Then the group must be a power of the cyclic group Z, of
order two and g, is the level partition of ternary quasigroup (x; y; z) » x +y + z. Any
system of seven partitions defined by Fig. right with the addition in Z,™ , m>1, is
obviously a p-representation of the Fano matroid.

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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(xy)z = z(yz)

Fig. 8. P-representations nonFano matroid

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Semi Matroids.

Let (N; g) be a polymatroid and |[g]| be the family of those triples
(; jIK); K € N;
I,jEN — K,
which satisfy

gUK) + g(jUK)=g(K) + g(iUjUK):

This family of |[g]] is called a semimatroid

PROBABILISTIC CONDITIONAL-INDEPENDENCE STRUCTURES AND MATROID THEORY - BACKGROUND
by MATUS, F., INTERNATIONAL JOURNAL OF GENERAL SYSTEMS Publisher: GORDON BREACH SCI PUBL LTD Date : 1994 Place: READING Volume:
22 Issue: 2 Pages: 185 - 196 Page Count: 12




A.W. Ingleton Algebraic Non linear 11 elements Matroid

Probabilitically representable Semimatroids

A semimatroid
is probabilistically representable if for a system of random variables on
(Q; p) a triple (i; j|K) belongs to it if and only if i is stochastically conditionally independent
of j given K.
A necessary and sucient condition for this is the equality
h(iUK)+ h(jUK)=h(K)+ h(iVUjUK);

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Conditional Independence among Partitions and Semimatroids

if i = j this means a functional
dependence. Thus, a semimatroid [[g]]| is probabilistically representable
ifand only if [[g]] = |[hS]]
for some €.
Semimatroids provide a natural environment for studying
conditional independences among partitions (set algebras, random variables) simultaneously.

Matroid representations by partitions, F. Matus, Statistik und Informatik, Universitat Bielefeld, Postfach 100131, 33501 Bielefeld, Germany
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Weakly Probabilitically representable Matroids

A Matroid (N; 1)
is weakly probabilistically representable if the semimatroid |[r]]| is Probabilitically representable
, that is, if for a system of random variables on
(Q); p) the equality
he(iUK)+h(jUK) =h(K)+ h(iUjUK)
IS equivalent to
riUK)+r(jUK)=r(K)+r(iujUK)
What ever
K c N;
,jEN — K,

PROBABILISTIC CONDITIONAL-INDEPENDENCE STRUCTURES AND MATROID THEORY - BACKGROUND
by MATUS, F., INTERNATIONAL JOURNAL OF GENERAL SYSTEMS Publisher: GORDON BREACH SCI PUBL LTD Date : 1994 Place: READING Volume:
22 Issue: 2 Pages: 185 - 196 Page Count: 12
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F.@F,- is weakly and not strongly probabilistically representable;
(15t Known example)

Let ¢ live on Z3,and n on Z3,
. Then partitions {A X Z3;; A€ .}, i €N, and {Z3, XB; B € n} j € N7, of 0=73,%X23,
with p(w)=273373; w € (), provide
a weak probabilistic representation of F,@©F- .
Also F,€F- is not partition representable,
and thus not strongly probabilistically representablt)e(.,

Matroids You Have Known, D. L. NEEL, N. A. NEUDAUER, MATHEMATICS MAGAZINE, VOL. 82, NO. 1, FEBRUARY 2009,
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