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Aspects  of  interest :

 How much can be communicated ?:   

Links capacities & encoding nodes. 

 Variables of interest 

original source rates & the capacities of the edges. 

 Aspects to consider 

The upper bounds of  edge capacities, 

over all possible ways of encoding messages on 

intermediate nodes.

Application  Problems :

 Distributed Storage 

 Max flow 

Motivation:    Rate regions in Multisource Multisink Network Coding 
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Targets :   

Users  requirements, 

performance metrics

(small delay, high quality, data 

recovery,  etc)

Intermediate nodes: routing (receive /

forward) or encoding (functional

computation on received packets);

Channels: capacity/rate 

constraints;
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1.General Acyclic Mutisource Multisink Network coding framework 
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The Region of capabilities in a distributed storage system 

8
Distributed information Storage,  J R Roche,  Department of Statistics, Stanford U.,  Technical report 

No.79, 1992 

∈∈

 Parallel processing:  data distributed to speed computations.

 Fault Tolerance:  Data distributed using secret sharing analysis techniques, 

originally developed to assure privacy. 

 Using Galois field and Network flow theories,  information can be stored at 

different sites  with minimum of redundancy.   

 This prevents loss of data if several sites become inaccessible. 

Problem:   Protection of multiple sites failures minimizing the storage used. 



Problem :   Distributed storage Backup 

systems to restore information from Disk 

failures. 

Scenario: large distributed storage system, 

when disk failures,

Goal : Need to repair itself without 

requiring a whole lot of bandwidth to fix a 

disk? ,  

The Region of capabilities in a distributed storage system 

9
Distributed information Storage,  J R Roche,  Department of Statistics, Stanford U.,  Technical report 

No.79, 1992 



The Region of capabilities in a distributed storage system 

Requirements :   The disk when it is repaired be exactly as it was before.

Read the data from this way without having to pull too much.

Motivation:   

The fundamental limits of this problem are instances of network codes.

10

Storage Network Equivalent flow Network

Distributed information Storage,  J R Roche,  Department of Statistics, Stanford U.,  Technical report 

No.79, 1992 
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The rate regions  for  Information flow on Wireless Network Communication 
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Measure of the uncertainty in a r.v.

Average unpredictability in a r.v., 

Information content

absolute limit on best possible 

lossless encoding of any communication

Shannon Entropy

2. Rate Region Implicit Characterization by Yan & Yeung. 

Shannon  Information measures 

Joint S. Entropy

Conditional S. Entropy

Information Theory & Network Coding , Chapter 2,  Raymond Yeung., Springer 2008, 2002. ISBN 978-0-

387-79233-0

Mutual Information
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Topic  of interest:  

The Set of entropic  

vectors, 

Recent Progresses in Characterising Information Inequalities,  Terence Chan,  Entropy 2011,  13, 379-401 

doi:10.3390/e13020379

Joint entropies are vectors.  

17

2. Rate Region Implicit Characterization by Yan, Yeung & Zhang. 



Yan X., Yeung R.W., Zhang Z. An implicit Characterization of the Achievable rate region for acyclic multisource multisink 
network conding,  IEEE transactions on Information Theory, Vol 58, No. 9 2012

2. Rate Region Implicit Characterization by Yan, Yeung & Zhang. 

Entropic Region  

18
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Yan X., Yeung R.W., Zhang Z. An implicit Characterization of the Achievable rate region for acyclic multisource multisink
network conding,  IEEE transactions on Information Theory, Vol 58, No. 9 2012
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Some important conventions 

2.  Yan, Yeung & Zhang Exact Characterizing of  Rate Region. 

21

Yan X., Yeung R.W., Zhang Z. An implicit Characterization of the Achievable rate region for 

acyclic multisource multisink network conding,  IEEE transactions on Information Theory, Vol

58, No. 9 2012



Exact Rate Region expressions

Source nodes Target nodes

2.  Yan, Yeung & Zhang Exact Characterizing of  Rate Region. 

1

s

|S|

⋮

1

el

|E|

⋮

⋮⋮
1

dm

|D|

⋮

⋮

⋯

⋯⋯

⋯

in

in

in

in

in

in

out

out

out |Τ|

1     Y1

𝜏 Y𝛽

⋮

⋮

⋮

⋮

⋯

⋯

out

out

out

⋮

Y𝛵

Y1

Y𝑠

Y 𝛵

22

Yan X., Yeung R.W., Zhang Z. An implicit Characterization of the Achievable rate region for 

acyclic multisource multisink network conding,  IEEE transactions on Information Theory, Vol

58, No. 9 2012



Calculation of rate regions which are projections of the entropic vectors region .

. 
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Inner bounds

Entropic Vectors

Outer bounds

Presentation Outline
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3.  The Polymatroid Axioms 

25

Recent Progresses in Characterising Information Inequalities,  Terence Chan,  Entropy 2011,  13, 379-401 

doi:10.3390/e13020379



Topic  of interest:  

The Set of entropic  

vectors, 

A non Shannon type Conditional Inequality of information Quantities,  Zhen Zhang, Raymond Yeung. IEEE trans. Inf. Th. Vol 43 No 6, Nov. 

1997

On Characterization of Entropy function via Information Inequalities, Zhen Zhang, Raymond Yeung. IEEE trans. Inf. Th. Vol 44 

No 4, Jul. 1998

Inner bounds

Entropic Vectors

Outer bounds

The Entropic Region & its Closure

Topic  of interest:  

The Set of entropic  

vectors, 4.  Entropic Region, its Closure and Polymatroid functions region. 
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Inner bounds

Entropic Vectors

Outer bounds

Case N<4

Entropic Region, its Closure and Properties. 

28

Case N≥4

3. Shannon Entropy,  Joint Entropies and Shannon Inequalities
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4.  Matroid Axioms 

On Characterization of Entropy function via Information Inequalities.  Zhen Zhang,  Raymond Yeung, IEEE transactions on Information 

Theory, Vol. 44 No. 4, July 1998, 
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Representable Matroids

m1

m2

m3

m1 m2 m3

M

4. Representable Matroids and Entropic Matroids. 

32

M=IA
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Representable Matroids &  Entropic Matroids

4. Representable Matroids and Entropic Matroids. 

34



Matroid Bounds on the Region of Entropic Vectors  2013   Congduan Li, John MacLaren Walsh, Steven Weber

All Representable Matroids are  Entropic Matroids

4.  Representable Matroids and Entropic Matroids. 
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A new technique to find Best tied Inner bound for the Region of entropic 

vectors 

For every representable matroid there is an entropic vector.

we want to  list isomorphic classes of representable matroids . 

how many are needed to list?

we can enumerate them without generating all of them, 

(Marcel Wild 1993, ) .

An efficient procedure is required, since the number usually is extremely large.

Abstract algebra approach can actually  list  all of  them (A.Kerber, H.Fripertinger, 

Laue , Bayreuth University, Germany 1994)  

37

5. Entropic vectors enumeration:   Analytical enumeration of binary linear codes



 binary linear codes- Abstract Algebra Perspective – Dr.  Marcel Wild 

research. 

 Groups 

 Cauchy-Frobenius Counting Lemma 

 Orbits enumeration – fix points Average.

 Groups for  binary  linear matroid

isomorphic classes enumeration .

1st step: From  

counting of orbits 

to averaging 

fix points.  

38

5. Entropic vectors enumeration:   Analytical enumeration of binary linear codes



Cauchy-Frobenius Burnside Counting theorem 

6. Entropic vectors enumeration:   Analytical enumeration of binary linear codes

39



Defining groups involved in the enumeration of the isomorphic 

classes of binary r rank matroids on n elements

Non singular matrix 

General Linear Group   

elementary row  Operations ( change of basis) 

Permutation group that change the order 

of the columns , moving columns with their

Respective labels.   

Enumeration of Binary and Ternary matroids and other applications of the Brylawski-Lucas-Theorem ,  Marcel Wild , preprint, No. 1693, 

Technische Hochschule Darmstadt(1994).

Consequences of the Brilawsky- Lucas Theorem for Binary Matroids , Marcel Wild, Europ,  J.Combinatorics 17, 309-316, 1996 

Double Group Action 

40

5. Entropic vectors enumeration:   Analytical enumeration of binary linear codes



Number of orbits equals the average of fix points 

Enumeration of Binary and Ternary matroids and other applications of the Brylawski-Lucas-Theorem ,  Marcel Wild , preprint, No. 1693, 

Technische Hochschule Darmstadt(1994).

Consequences of the Brilawsky- Lucas Theorem for Binary Matroids , Marcel Wild, Europ,  J.Combinatorics 17, 309-316, 1996 

41

5. Entropic vectors enumeration:   Analytical enumeration of binary linear codes



Consequences of the Brilawsky- Lucas Theorem for Binary Matroids , Marcel Wild, Europ,  J.Combinatorics 17, 309-316, 

1996 42

5. Entropic vectors enumeration:   Analytical enumeration of binary linear codes



 Analytical approach for binary linear codes- Abstract Algebra – from 

Dr.  Marcel Wild research. 

 Computing fix points through conjugacy

classes. 

 Burnside Lemma expression in terms of 

Conjugation

2nd step:  

Averaging 

Sym group fix points from 

points fixed by a 

canonical representative

of Conjugacy classes 

Times size of the class.  

43

5. Entropic vectors enumeration:   Analytical enumeration of binary linear codes



Averaging

Matrices fixed in Y by elementary row operations under the 

action of exponential linear group  Hx

and 

Matrices fixed on column labels permutations on  X   under 

the action of symmetric subgroup  G  

through 

Product of  

fix points induced by  canonical representatives 

of equivalences classes of 

Conjugation of the two groups 

Times

Cardinalities of the Sets of all  such Conjugacy equivalence classes  

of  groups G and Hx

Enumeration of Binary and Ternary matroids and other applications of the Brylawski-Lucas-Theorem ,  Marcel Wild , preprint, No. 1693, 

Technische Hochschule Darmstadt(1994).

Consequences of the Brilawsky- Lucas Theorem for Binary Matroids , Marcel Wild, Europ,  J.Combinatorics 17, 309-316, 1996 

44

5. Entropic vectors enumeration:   Analytical enumeration of binary linear codes
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5. Entropic vectors enumeration:   Analytical enumeration of binary linear codes



Considering Conjugacy 

classes and number of 

points fixed by 

representatives of them.  

Enumeration of Binary and Ternary matroids and other applications of the Brylawski-Lucas-Theorem ,  Marcel Wild , preprint, No. 1693, 

Technische Hochschule Darmstadt(1994).

Consequences of the Brilawsky- Lucas Theorem for Binary Matroids , Marcel Wild, Europ,  J.Combinatorics 17, 309-316, 1996 

To Average points fixed under the double group Action 

It suffices to count 

the fix points of just only one representative of 

Their conjugacy classes 

and multiply the result by 

the cardinality of sets of conjugacy classes. 

GL2 group conjugacy classes  Cardinality  
Sym classes  Cardinality  group conjugacy 

Points fixed by 

representative 

of GL2 group Conjugacy 

Class parametrized by 𝜇

46

5. Entropic vectors enumeration:   Analytical enumeration of binary linear codes

Type of permutation is 

associated with a Sym

group Conjugacy class, 

parametrized by 𝜆. 
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Var X1 and X2 must be full rank



H(X Y)

H(X)

H(Y)

H(Y)

H(X)

H(X Y)

H(X Y)

H(Y)

H(X)

Intersection
Hyperplanes
Constraints

Raymond W. Yeung, Information Theory and Network Coding. Springer, 2008.

Solution: How to find rate region of a Network using Entropic Vectors. 

Algorithm to evaluate codes that achieve  Network Rate region.  

 The algorithm is based on the exact 
characterization of the Rate region using  
the region of entropic vectors.

 The  fundamental steps are :  

1) getting entropics vectors data,  
2) intersecting it with hyperplanes constraints 
and finally 
3) adding rate variables  
4) projecting the result downward to Network  
source variables/ capacities plane.  

49

Projection
H(U1)

H(U2)

H(U1U2)



Solution: How to find rate region of a Network using Entropic Vectors. 

Algorithm to evaluate codes that achieve  

Network Rate region.  

1. We extract entropies from the non 
isomorphic binary linear codes for all 
possible values we can assign to source and 
auxiliary variables  from each of the codes 
looping for different possible bits per 
variable.

2. The constraints depend on the  Topology of 
the Network, they represent hyperplanes
that cut it.

3. We need to add the rates that we are 
interested into optimize. 

4. Final we need to project into the corresponding 
rates plane to find the polymatroids that inequalities 
representation of the rate region.

50



Algorithm to evaluate codes that achieve  

Network Rate region.  

Solution: How to find rate region of a Network using Entropic Vectors. 

 Exploring every ray to see if it is included.
 Looping for different combinations of 

entropies and bits per variable , 
 Every time we need to eliminate 

Redundancies w.r.t to other variables.   

 Evaluate encoding and decoding constraints 
for all possible entropies and bits, 

 considering that the source variables must 
be linearly independent.

 Our strategy is to find at least one binary linear code 
satisfying constraints,  per each selection of 
entropies and  bits ,  per ray,  this will determine the 
form of  the convex cone of the region of entropic 
vectors. 

51

Solution: How to find rate region of a Network using Entropic Vectors. 
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Solution: How to find rate region of a Network using Entropic Vectors. 

Practical Algorithm compute 

General Rate region

H(X Y)

H(X)

H(Y)

H(Y)

H(X)

H(X Y)

H(X Y)

H(X)

Intersection
Hyperplanes
Constraints

Projection
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Solution: How to find rate region of a Network using Entropic Vectors. 
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Solution: How to find rate region of a Network using Entropic Vectors. 
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Solution: How to find rate region of a Network using Entropic Vectors. 
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 1 1 1 1 1 1 1 1 1 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 1 1 0 0 0 0 0 1 0 0 0
1 0 1 0 1 0 1 0 0 0 0 0 1 0 0
0 1 0 1 0 1 1 0 0 0 0 0 0 1 0
1 0 1 1 1 1 0 1 0 0 0 0 0 0 1

10 11 12 13 14 15 1 5 9 2 3 6 4 7 8

X               Y              U1 U2 U3

3 codes that were tested and achieved  a ray (2 4 3 3 3 ) of the rate region .

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 1 1 1 1 1 1 1 1 1 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 1 1 0 0 0 0 0 1 0 0 0
1 0 1 0 1 0 1 0 0 0 0 0 1 0 0
0 1 0 1 0 1 1 0 0 0 0 0 0 1 0
0 0 1 1 1 0 0 1 0 0 0 0 0 0 1

10 11 12 13 14 15 2 6 9 1 3 5 4 7 8

X               Y              U1 U2 U3

1 2 3 4 5 6 7 8 9 10 11  12  13 14  15

1 1 1 1 1 1 1 1 1 1 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 1 1 0 0 0 0 0 1 0 0 0
1 0 1 0 1 0 1 0 0 0 0 0 1 0 0
0 1 0 1 0 1 1 0 0 0 0 0 0 1 0
1 1 1 0 1 0 0 1 0 0 0 0 0 0 1

10 15 11 12 13 14 3 8 9  1 4 5 2 6 7

X               Y              U1 U2 U3
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Presentation Outline6.Algorithm to Evaluate Codes  that Achieve 

Rate region of a Given Network 

RRrep3
V-representation
begin
5  6 integer
0 1 1 1 1 2 
0 1 1 1 1 3 
0 1 1 1 1 4  
0 2 4 3 3 3 
0 1 2 2 1 4
end 

RRrep3Rd
*row 2 was redundant and removed
V-representation
begin
4 6 rational 
0  1  1  1  1  2  
0  1  1  1  1  4  
0  2  4  3  3  3  
0  1  2  2  1  4 
end
*Input had 5 rows and 6 columns: 1 row(s) 
redundant*redund:lrslib v.4.3 
2012.6.1(32bit,lrsmp.h) max 
digits=8/100*0.000u 0.015s 4324Kb 1147 flts 0 
swaps 0 blks-in 0 blks-out 
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Presentation Outline6.Algorithm to Evaluate Codes  that Achieve 

Rate region of a Given Network 

RRrep3Rd
H-representation
linearity 1  1
begin
***** 6 rational 
0 -1 -1  1  1  0  
0  4 -5  5  0 -1  
0 -1 -1  2  0  0  
0  0  3 -5  0  1  
0  0  1 -1  0  0 
end
*Totals: facets=4 bases=1 linearities=1 
facets+linearities=5*lrs:lrslib v.4.3 
2012.6.1(32bit,lrsmp.h) max 
digits=8/100*0.015u 0.000s 4324Kb 1147 flts 0 
swaps 0 blks-in 0 blks-out 
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RRrep3Rd

H-representation

begin

11 9 rational 

0 -1 -1  1  1  0  0 0 0 

0  4 -5  5  0 -1  0 0 0

0 -1 -1  2  0  0  0 0 0

0  0  3 -5  0  1  0 0 0

0  0  1 -1  0  0  0 0 0

0  0  0 -1  0  0  1 0 0

0  0  0  0 -1  0  0 1 0 

0  0  0  0  0  -1  0 0 1

0  0  0  0  0  0  1 0 0 

0  0  0  0  0  0  0 1 0 

0  0  0  0  0  0  0 0 1

X1X2U1U2U3R1R2R3

end

*Totals: facets=4 bases=1 linearities=1 

facets+linearities=5*lrs:lrslib v.4.3 

2012.6.1(32bit,lrsmp.h) max digits=8/100*0.015u 

0.000s 4324Kb 1147 flts 0 swaps 0 blks-in 0 blks-out 

Presentation Outline6.Algorithm to Evaluate Codes  that Achieve 

Rate region of a Given Network 

60



Presentation OutlineConclusions
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Conclusions
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The affine hull of S :  

Affine hull of 2 pts. 

is the line through them

The convex hull of S : =

The conic hull  of S:

Convex  hull of 2 pts .

is the line segment between them

Conic hull of  2 pts., union of all rays, 

emanating from origin, 

intersecting convex hull 

Entropic region  Closure is a Polyhedral Cone 

Appendix.  Entropic Region, its Closure and Properties. 
(Convex Hull)
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Appendix. Matroid Axioms, Representable & entropic matroids,  & Rate region 

Entropic Vectors Inner bounds

Topic  of interest:  

The Set of 

entropic  vectors, 

Recent Progresses in Characterising Information Inequalities,  Terence Chan,  Entropy 2011,  13, 379-401 

doi:10.3390/e13020379

Entropic Region includes all Valid Entropic vectors

Not All the Euclidean Space is Entropic
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Sources

Network sources Rate Region 

Admissible Rate Region Admissible Rate Vectors

2. Rate Region Implicit Characterization by Yan & Yeung. 

Y1

Y2

Ys
In(i)      Out(i)

i

𝜔1

𝜔2

𝜔𝑠

Uout

64

Information Theory & Network Coding , Chapter 2,  Raymond Yeung., Springer 2008, 2002. ISBN 978-0-

387-79233-0



Network coding Rate Region 

Admissible Rate Region Admissible Rate Vectors

2. Rate Region Implicit Characterization by Yan & Yeung. 

Ue

Re

In(i)      Out(i)

i

e
Uin Uout

i

65

Information Theory & Network Coding , Chapter 2,  Raymond Yeung., Springer 2008, 2002. ISBN 978-0-

387-79233-0



Sources Encoding function

Nodes Encoding function

Decoding function

Yan X., Yeung R.W., Zhang Z. An implicit Characterization of the Achievable rate region for acyclic multisource multisink
network conding,  IEEE transactions on Information Theory, Vol 58, No. 9 2012

2. Rate Region Implicit Characterization by Yan, Yeung & Zhang. 

1

s

|S|

⋮

1

el

|E|

⋮

⋮⋮
1

dm

|D|

⋮

⋮

⋯

⋯⋯

⋯

in

in

in

in

in

in

out

out

out |Τ|

1     X1

𝜏 X𝛽

⋮

⋮

⋮

⋮

⋯

⋯

out

out

out

⋮

X𝛵

X1

X𝑠

X 𝛵
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A non Shannon type Conditional Inequality of information Quantities,  Zhen Zhang, Raymond Yeung. IEEE transactions of Information 

Theory Vol 43 No 6, November 1997

Outer bound ( Shannon inequalities) 

Better Outer bound ( Non Shannon inequalities) 

Inner bound (Ingleton inequalities)

Better Inner (Binary linear codes)

( Ingleton + Shannon inequalities) K=4 ,  best tied inner 

bound,  for N>4 can overlap Entropic Region

Aubrey William Ingleton, 

1969

Entropic Region 

Why not other Outer and inner bounds instead ?

Appendix. Matching inner and outer bounds for full characterization of the entropic region. 

Z. Zhang  &  R. Yeung  1997
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The group of fifth roots of unity under multiplication 

is isomorphic to the group of rotations of the regular 

pentagon under composition.

So, in listing  codes, w.r.t. performance for testing them in a 

network,  we must avoid double counting the ones that produce 

exactly the same effect. We need to test non-isomorphic codes.

Appendix. Entropic vectors enumeration:   Analytical enumeration of binary linear codes

( Isomorphic Objects in symmetries ) 
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In classifying systems we need to avoid to 

double count the ones that are system analog 

models.

Isomophic systems 

Norton's theorem and Thévenin's

theorem offers an isomorphism class of 

electrical circuits.. 

Rth =Rno ; Vth=InoRno ;       
Vth

R
th

=
Ino

mechanical simple resonator

electrical analogy

Appendix. Entropic vectors enumeration:   Analytical enumeration of binary linear codes

( Isomorphic classes) 



 binary linear codes- Abstract Algebra Perspective – Dr.  Marcel Wild 

research. 

1st step: From  

counting of orbits 

to averaging 

fix points.  

 Groups 

 Cauchy-Frobenius Counting Lemma 

 Set Transversal under a group action

 group Action set permutation 

representation. 

 Orbits Equivalence classes

 Group action orbit space

 Group action Partitions of finite sets. 

 Orbits enumeration – fix points Average.

 Groups for  binary  linear matroid

isomorphic classes enumeration.

70

Appendix. Entropic vectors enumeration:   Analytical enumeration of binary linear 

codes



Group conceptualization 

Set Binary Operation

Closure

Associativity

Identity element

Inverse element

Group 

71

Appendix. Entropic vectors enumeration:   Analytical enumeration of binary linear 

codes



Transversal of orbits and the 

partition determined by a group 

action of a finite set.  

Enumeration of Binary and Ternary matroids and other applications of the Brylawski-Lucas-Theorem ,  Marcel Wild , preprint, No. 1693, 

Technische Hochschule Darmstadt(1994).

Consequences of the Brilawsky- Lucas Theorem for Binary Matroids , Marcel Wild, Europ,  J.Combinatorics 17, 309-316, 1996 

72

Appendix. Entropic vectors enumeration:   Analytical enumeration of binary linear 

codes



…..

xk

…..

…..

…..

…..

…..

x1
xn

The orbit space or quotient of 
the action of a group over a 

finite set 

Given an element 

Orbit Space of a 

Group Action 

Orbit of an element: 

Orbit Space: 

𝑥 ∈ 𝑋
𝐺𝑥 ∶= { 𝑔. 𝑥|𝑔 ∈ 𝐺}

𝐺\\X:= {𝐺𝑥 | 𝑥 ∈ 𝑋}

𝐺𝑥1 𝑈… 𝐺𝑥𝑘 𝑈… 𝑈 𝐺𝑥𝑛 =
𝐺\\X

x2

𝑔2𝑥1

𝑔1𝑥1
𝑔3𝑥1

x3

x4

xj

𝑔1𝑥 𝑈 𝑔2𝑥 𝑈…𝑈 𝑔𝑛𝑥 = 𝐺𝑥

Orbits in X under the Action of group G 

𝑔𝑗𝑥1

𝐺𝑥 = 𝑔𝑘𝑥𝑖 = 𝑥𝑗 xi,xj∈ 𝑋, 𝑔 ∈ 𝐺}

Orbits  ⟺ Permutations 

73

Appendix. Entropic vectors enumeration:   Analytical enumeration of binary linear 

codes

𝑥1

𝑥1 𝑥1 𝑥1



A group acting on a finite set determines a partition on it. 

x1 x2 x3 xn
Finite set X

𝐺x2
𝐺x1 𝐺x3 𝐺xn

xi

Xi+2

Xi+k

Xi-1

The set of orbits of points x ∈ 𝑋, under action of G, form a partition of X

𝑓𝑗

𝑔3

𝑔2

𝑔1

𝑔𝑗,𝑓j ∈ 𝐺
Gxi

𝑓j ∈ 𝐹 ⊂ 𝐺

f𝟏 f𝟐 f𝟑
f𝒋 f𝒏

Orbits on X under the action of G 

Transversal of X 

Partition of  X under the action of tranversal

Group 𝐺

74

Appendix. Entropic vectors enumeration:   Analytical enumeration of binary linear 

codes

Xi+1

Xi-2



Group Actions and Partitions 

An Action of a group in a finite 

set equivalent to a permutation 

representation of the set. 
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Appendix. Entropic vectors enumeration:   Analytical enumeration of binary linear 

codes



Conjugacy classes of the 

symmetric group of 

permutations. 

Conjugacy Classes of a Group

76

Appendix. Entropic vectors enumeration:   Analytical enumeration of binary linear 

codes



Conjugacy Classes of The Product of 

Two Groups

77

Appendix. Entropic vectors enumeration:   Analytical enumeration of binary linear 

codes



Main Program  Run_Testing_Code

Section  1:   Import Data from Binary linear Codes Enumeration 

Construction. 

Import JSON file containing non-isomorphic binary linear codes using JsonLab

Matlab package

Section  2:   Browsing File of Imported Codes
Code_types structure  to be tested is loaded to be iterated using a For-loop. 

A code from the structure to be tested is uploaded in the variable Code_names

Code_names is declared as to be binary array. 

Presentation OutlineAppendix.Algorithm to Evaluate Codes  that Achieve 

Rate region of a Given Network 
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Section 3:  Generating possible choices for Variables 

Run Create_combinations function to return all possible variable candidates

Section 4:  Testing Code to Achieve Rate Region

Run Testing_code function to test the code against constraints 

If Code achieves rate region Testing_code returns successful permutation

If Code does not achieve rate region Testing_code returns 0.

Section 5  Archiving Codes that achieve Network Rate Region

Successful permutations are archived in the Matlab structure all_types.

Code_types(code_type).Code_names(code_name).code  archives codes that achieve 

Network rate region.

Code_types(code_type).Code_names(code_name).partition archives successful 

permutation partition. 

Main Program  Run_Testing_Code

Presentation OutlineAppendix.Algorithm to Evaluate Codes  that Achieve 

Rate region of a Given Network 
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Function Create_combinations

Arguments
15 Columns binary linear Code

Value Returned
Combinations of 2 columns out of 6 in Array C, 

Combinations of 4 columns out of 6 in Array D, 

Combinations of 3 columns out of 9 in Array E. 

General Algorithm
 Use choosenk Matlab function to compute combinations in C, D, E.

 Index columns of Code from combinations of C, D, E by vectorization. 

 Compute entropy of Code columns for each combination in C, D, E.

Presentation OutlineAppendix .Algorithm to Evaluate Codes  that Achieve 

Rate region of a Given Network 
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Function Testingcode

Arguments

 Combination Array of 3 out of 15, 

 Combination Array of  4 out of 15, 

 Combination Array of 2 out of 15, 

 Binary linear code to be tested.  

Value Returned

 A permutation of column vectors that match all the constraints.  

 Control is sent back to main program, Run_Testing_Code.  

General Architecture

 5 Nested for-loops, one for each of the 2 source variables & 3 auxiliary ones 

 Succession of If-statements  nested in the loops to evaluate the constraints.  

Presentation OutlineAppendix .Algorithm to Evaluate Codes  that Achieve 

Rate region of a Given Network 
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Variable candidates
 Fix source variables from the identity matrix, to assure linear independence.  

 3 Auxiliary variables from remaining bits of the original binary linear code.

Selecting candidates
 Variable candidates are checked against Permute to prevent redundancy

 Add selected variables to Permute

 Permute stores current permutation tree branch

Constrained permutation tree pruning 
 Entropy constraints are checked before a branch is added to Permute

 Permute indexes Code by vectorization to compute ranks. 

 When a branch fails, Permute is reset.   

Function Testingcode

Presentation OutlineAppendix.Algorithm to Evaluate Codes  that Achieve 

Rate region of a Given Network 
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Network Rate Region from Entropic Region 

 Compute Entropic Region , then its Closure 

 Entropic region Closure intersected Network Topology equalities 

 Projected onto a series of Capacities Variables

It solves fundamental limits, boundaries of  the set.

1. Its unknown if they actually can be computed.

2. We want to  substitute something that is outside of the set for something that is inside of it.

3. After   intersection and projection we get 2 things which match.

4. The answer is in the sandwich in between the two.

Appendix: Implicit Characterization of rate region from Entropic Vectors. 

Raymond W. Yeung, Information Theory and Network Coding. Springer, 2008. 83
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2.  Yan, Yeung & Zhang Implicit Characterizing of  Rate Region. 

Yan X., Yeung R.W., Zhang Z. An implicit Characterization of the Achievable rate region for 

acyclic multisource multisink network conding,  IEEE transactions on Information Theory, Vol

58, No. 9 2012



implicit Rate Region expressions

Appendix: Rate Region Implicit Characterization by Yan, Yeung & Zhang. 



Finding Network codes capacities

Appendix: Implicit Characterization of rate region from Entropic Vectors. 

Raymond W. Yeung, Information Theory and Network Coding. Springer, 2008. 86



Information Theory & Network Coding , Chapter 2 pg 17,26 ,  Raymond Yeung., Springer 2008, 2002. 

ISBN 978-0-387-79233-0

Topic  of interest:  

The Set of entropic  

vectors, Appendix. Shannon Entropy,  Joint Entropies and Shannon Inequalities

Basic Shannon Inequalities 

87



Information Inequalities 

Appendix.  Shannon Entropy,  Joint Entropies and Shannon Inequalities

Information Theory & Network Coding , Chapter 13, pg 1-3 ,  Raymond Yeung., Springer 2008, 2002. 

ISBN 978-0-387-79233-0
88



Networks, Matroids and Non Shannon Information  Inequalities ,  R.  Dougherty, Chris Freiling,  Kenneth Zeger,  IEE E Transactions 

on Information theory Vol. 53 NO6.  June 2007. 

Information Theory & Network Coding , Chapter 13, pg 320 ,  Raymond Yeung., Springer 2008, 2002. ISBN 978-0-387-

79233-0

ho

Information Inequalities 

Topic  of interest:  

The Set of entropic  

vectors, 
Appendix.  Shannon Entropy,  Joint Entropies and Shannon Inequalities

89



A non Shannon type Conditional Inequality of information Quantities,  Zhen Zhang, Raymond Yeung. 

IEEE transactions of Information Theory Vol 43 No 6, November 1997

Appendix: Inner and outer bounds for the entropic region. 
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 Characterization of the General 

Linear Group

 Characterization of the Symmetric 

group

 Fixed points, stabilizer groups , orbits

 Left and Right group actions over a 

finite set  

• Natural bijection between Orbits  and  

Cosets of Stabilizers 

• Standard Quotient Theorem:

• Lagrange Theorem

• Orbit-Stabilizer Theorem

• Proof Cauchy Frobenius Lemma 

Appendix1    Layout Appendix:  Groups and Group Actions, 

91



The general linear group of 

degree n through elementary 

matrices – the set 

Set :   n×n invertible matrices, 

Operation:  Ordinary matrix multiplication. 

It is a group since:

•Product of two invertible matrices is again invertible, 

•Inverse of an invertible matrix is invertible.

•Neutral element is the identity matrix. 

Appendix:  Groups and Group Actions, 

92



The general linear group of degree n through elementary matrices – the binary operation

The elementary matrices generate the general linear group of invertible matrices. 

Left multiplication (pre-multiplication) by an elementary matrix represents elementary row 

operations, Right multiplication (post-multiplication) represents elementary column operations.

Appendix:  Groups and Group Actions, 

93



Permutations:

Rearranging members of a set into a particular sequence or order

Example, 

Set {1,2,3}:      (1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), and (3,2,1).

The number of permutations of n distinct objects is n!

Cauchy's two-line notation:

Cycle notation:    permutation as a product of cycles 
corresponding to the orbits of the permutation

An orbit of size 1 is called a fixed point of the permutation.

Permutations notations and fixed 

points 

Appendix:  Groups and Group Actions, 
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symmetric group of S, Sym(S)

Set:     all permutations of any given set S , 

Operation  :  Composition of maps (product) 

Neutral element:  Identity function .

Example, 

(1,2,3), (1,2,3), (1,2,3), (1,2,3), (1,2,3), (1,2,3),

(1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), (3,2,1).

(1,2,3)

(1,3,2)

(3,2,1)

(1,2,3)

(3,2,1)

The subgroup of all 
permutations for a given set 

Appendix:  Groups and Group Actions, 
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X

G

x1

x2

x3

xn

Left group action 

over a finite set 

Appendix:  Groups and Group Actions, 

96



X

G

x1

x2

x3

xn

Right group action 

over a finite set 

Appendix:  Groups and Group Actions, 

97



X

G G

x1

x2

x3

xn

Equivalence in between Left group action and Right group action on a finite set

Appendix:  Groups and Group Actions, 

98



• Characterization of the General Linear 

Group

• Characterization of the Symmetric group

• Fixed points, stabilizer groups , orbits

• Left and Right group actions over a finite set  

 Natural bijection between Orbits  and  

Cosets of Stabilizers 

 Standard Quotient Theorem:

 Lagrange Theorem

 Orbit-Stabilizer Theorem

 Proof Cauchy Frobenius Lemma 

Appendix1    Layout Appendix:  Groups and Group Actions, 

99



Frobenius-Cauchy- Burnside Lemma

Stabilizers and Fixed points

Appendix:  Cauchy-Frobenious-Burnside Counting Theorem 
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Natural bijection between  Orbits  and  Cosets of Stabilizers 

Appendix:  Cauchy-Frobenious-Burnside Counting Theorem 

101



Standard Quotient Theorem:

Appendix:  Cauchy-Frobenious-Burnside Counting Theorem 

The standard quotient bijection in between orbits and cosets of the Stabilizer

102



Lagrange Theorem:

Appendix:  Cauchy-Frobenious-Burnside Counting Theorem 
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Orbit-Stabilizer Theorem

( Frobenius-Cauchy- Polya) from 
standard quotient theorem to 

Orbit Stabilizer theorem   
Burnside Lemma

Appendix:  Cauchy-Frobenious-Burnside Counting Theorem 
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Orbit-Stabilizer Theorem

Proof Cauchy

Frobenius Lemma 

Appendix:  Cauchy-Frobenious-Burnside Counting Theorem 
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Networks, Matroids and Non Shannon Information  Inequalities ,  R.  Dougherty, Chris Freiling,  Kenneth Zeger,  IEE E Transactions on Information 
theory Vol. 53 NO6.  June 2007. 

x demand is satisfied,  

( k,n) code  is a (k,n) solution if every x demand is satisfied

Appendix:  Networks , Matroids, Non Shannon Inequalities 

106



Solution of   Networks 

Solvable:  if it has a (k,n) solution k=n=1.

Scalar linearly Solvable:  if it has a linear (k,n) solution k=n=1.

Vector linearly Solvable:  if it has a linear (k,n) solution k=n.

Linear 

Routing 

Networks, Matroids and Non Shannon Information  Inequalities ,  R.  Dougherty, Chris Freiling,  Kenneth Zeger,  IEE E Transactions on Information 
theory Vol. 53 NO6.  June 2007. 

Appendix:  Networks , Matroids, Non Shannon Inequalities 

107



Codes of interest: 
Linear:  linear edge and decoding functions 

Routing:  simple copy - edge and decoding functions

Networks of interest: 

Multicast:  One source node,  receiver catching all source messages

Multiple unicast: each message generated and demanded by just one 
source respectively 

Network coding goal:

Achievable coding rate as large as possible

Networks, Matroids and Non Shannon Information  Inequalities ,  R.  Dougherty, Chris Freiling,  Kenneth Zeger,  IEE E Transactions on Information 
theory Vol. 53 NO6.  June 2007. 

Appendix:  Networks , Matroids, Non Shannon Inequalities 
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On Characterization of Entropy function via Information Inequalities.  Zhen Zhang,  Raymond Yeung, IEEE transactions on Information 
Theory, Vol. 44 No. 4, July 1998, 

Appendix :  Characterization of entropy functions 
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Information Identities 

Shannon Inequalities

Networks, Matroids and Non Shannon Information  Inequalities ,  R.  Dougherty, Chris Freiling,  Kenneth Zeger,  IEE E Transactions on Information 
theory Vol. 53 NO6.  June 2007. 

Recent Progresses in Characterising Information Inequalities,  Therence Chan,  Entropy 2011,  13, 379-401 doi:10.3390/e13020379

Appendix :   Shannon Information inequalities 
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 Analytical approach for binary linear codes- Abstract Algebra – from 

Dr.  Marcel Wild research. 

 The Sym group Conjugacy classes 

Cardinality. 

 Type of Permutation 

 Partitions associated with cycle type  

 Polya Cycle Index 

2nd step:  

Averaging 

Sym group fix points from 

points fixed by a 

canonical representative

of Conjugacy classes 

Times size of the class.  

Appendix:  Entropic vectors - analytic enumeration of binary linear codes
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Burnside lemma expression 
readapted for conjugacy classes 
of matrices and permutations. 

Enumeration of Binary and Ternary matroids and other applications of the Brylawski-Lucas-Theorem ,  Marcel Wild , preprint, No. 1693, 

Technische Hochschule Darmstadt(1994).

Consequences of the Brilawsky- Lucas Theorem for Binary Matroids , Marcel Wild, Europ,  J.Combinatorics 17, 309-316, 1996 

Appendix:  Entropic vectors - analytic enumeration of binary linear codes
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Construction Enumeration Analytical method :   

 Group Theory approach for binary linear codes-

Abstract Algebra – from Dr.  Marcel Wild research. 

4th step:  

General Linear & Sym group 

Acting Together 

on the set of 

binary linear codes. 

 Polya Index and Vector index analogy 

 Permutation & Automorphism number 

analogy. 

 Symmetric Permutations and Linear 

transformations Analogy. 

Appendix:  Entropic vectors - analytic enumeration of binary linear codes

113
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Appendix: Entropic vectors enumeration:   Analytical enumeration of binary linear codes



Theory of Rational canonical form
Permutation cycle 

decomposition
Linear transformation 

cycle decomposition

Type of Permutation Type of Automorphism

Permutation Cycle 

Polya Index

Vector Space Cycle 

Index

Partition induced by Permutations

Average of points 

Fixed by both  

sym and Linear groups

Partition induced by Linear 

Automorphisms

Points 

Fixed by canonical 

representative

of  the 

sym group

Points 

Fixed by canonical 

representative

of  the 

Exponential Linear group

Analogy      ( Joseph Kung)

Permutation Cycle decomposition  &  Automorphisms decomposition

 Decomposition of Linear transformations into direct sum of Cyclic linear transformations

 Decomposition of Vector Space automorphisms into direct sum of Cyclic automorphisms

over invariant subspaces

Appendix:  Entropic vectors - analytic enumeration of binary linear codes
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Construction Enumeration Analytical method  Outline :   

 Analytical approach for binary linear codes- Abstract Algebra – from 

Dr.  Marcel Wild research. 

2nd step:  

Averaging 

Sym group fix points from 

points fixed by a 

canonical representative

of Conjugacy classes 

Times size of the class.  

 The Sym group Conjugacy classes 

Cardinality. 

 Type of Permutation 

 Partitions associated with cycle type  

 Polya Cycle Index 

Appendix:  Entropic vectors - analytic enumeration of binary linear codes
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The Size of a conjugacy class in the symmetric group

Appendix:  Entropic vectors - analytic enumeration of binary linear codes
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n! possible ways to permute 

but we need to correct over counting.

Therefore:

 Each of the cj j-cycles can be rotated around 

j ways and be the same cycle, 

 so divide by jcj

j = 1, 2, . . . , k.

 There are cj j-cycles which can be permuted 

around in cj! ways, 

 so divide by  cj!

j = 1, 2, . . . , k.

The Size of a conjugacy class in the symmetric group

Appendix:  Entropic vectors - analytic enumeration of binary linear codes
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Number of permutations  in 

the conjugacy class described 

by the ci ’s is

The denominator is often called zλ

(for partitions of cycle type λ) 

The Size of a conjugacy class in the symmetric group

Enumeration of Binary and Ternary matroids and other applications of the Brylawski-Lucas-Theorem ,  Marcel Wild , preprint, No. 1693, 
Technische Hochschule Darmstadt(1994).
Consequences of the Brilawsky- Lucas Theorem for Binary Matroids , Marcel Wild, Europ,  J.Combinatorics 17, 309-316, 1996 
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Construction Enumeration Analytical method  Outline :

 Analytical approach for binary linear codes- Abstract Algebra – from 

Dr.  Marcel Wild research. 

2nd step:  

Averaging 

Sym group fix points from 

points fixed by a 

canonical representative

of Conjugacy classes 

Times size of the class.  

 The Sym group Conjugacy classes 

Cardinality. 

 Type of Permutation 

 Partitions associated with cycle type  

 Polya Cycle Index 
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Decomposition of a Permutation to the direct sum of cyclic Permutations

The Type of permutation and 

the cyclic decomposition of 

permutations. 
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Points Fixed by a representative of  Permutations group Conjugacy Classes

Enumeration of Binary and Ternary matroids and other applications of the Brylawski-Lucas-Theorem ,  Marcel Wild , preprint, No. 1693, 

Technische Hochschule Darmstadt(1994).

Consequences of the Brilawsky- Lucas Theorem for Binary Matroids , Marcel Wild, Europ,  J.Combinatorics 17, 309-316, 1996 
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Expressing Permutations of a Group as a Polynomial

The cycle Index for permutations. 
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Construction Enumeration Analytical method  Outline :   

 Analytical approach for binary linear codes- Abstract Algebra – from 

Dr.  Marcel Wild research. 

3th step:  

General Linear group fix points 

From points fixed by a 

canonical representative

of Conjugacy classes 

Times

Size of the class.  

 Conjugacy classes of the GLn(r)

 Conjugacy classes Cardinality of  General 

Linear Group 

 Type of Automorphisms.

 The vector space cycle index
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Conjugacy classes of the products of 

elementary matrices from the linear group of 

permutations
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The Polya cycle index                 Enumeration objects  classes under permutation group action.  

The vector space cycle index                 counting objects  classes  under linear group action .

LEMMA 2.   (Joseph Kung 1981) 

Let p be a monic irreducible polynomial in R of degree m, 

and b=(b1, b2,... ) a partition of j. 

Define the numbers di by

di=b1l+b22+.*. +bi i+ bi+1 i+... bi i.

Then cp(b), the number of invertible matrices commuting 

with the block  diagonal matrix D(p, b), is given by

In particular, cp(b) depends only on the degree of p.

Enumeration of Binary and Ternary matroids and other applications of the Brylawski-Lucas-Theorem ,  Marcel Wild , preprint, No. 1693, 

Technische Hochschule Darmstadt(1994).

Consequences of the Brilawsky- Lucas Theorem for Binary Matroids , Marcel Wild, Europ,  J.Combinatorics 17, 309-316, 1996 
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The type of automorphism needed to complete the 

expression for number of points fixed by a canonical 

automorphism using the vector space cycle index. 

Type of Automorphism

1                                      j                     n1                                  1                      1

m                                        m                  m1                                         j                     n
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Decomposition of an Automorphism in to the direct sum of cyclic automorphisms

The vector space cycle index and the weight 

of automorphisms used to count the points 

fixed by the canonical automorphism of 

linear vector space. 
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