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General Objective of the Paper:

The aim of this work is to examine partition (p-) representations of matroids along
the traditional lines of linear and algebraic representation theories.

Principal Results:

p-representations of a matroid are closely related to the solutions of a system of generalized
quasigroup equations associated to the matroid.

Classify completely the p-representations of a few small matroids and relate them to some
classical generalized quasigroup equations.

New examples of non-p-representable matroids are found and an infinite set of excluded
minors for the class of p-representable matroids is constructed.
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Representable Matroids:
Let K be a field. A matroid A7 =(&2, Z) is [K -representable (or representable for short) if there exists a matrix M over K
whose columns are indexed by the elements of € such that a subset [ = {f,,...,.ﬂ_} C € is independent if and only if the matrix

corresponding columns of M are independent. In this situation, we say that the M is a K -representation of the matroid A4

Linear Matroid:

if [E1 I} is any matroid, then a representation of [E1 I] may be defined as a function f that maps [ to a vector space |7,
with the property that a subset 4 of [is independent if and only iff[;]_) is linearly independent.

if |7 is a vector space over field F then the matroid is called an F-linear matroid.

Thus, the linear matroids are exactly the matroids that are isomorphic to the matreids defined from sets or multisets of vectors.

If a matroid is linear, it may be representable over some but not all fields.

Regular Matroids: The unimodular or regular matroids are the matroids that can be represented over all fields:

If a matroid is regular, so is its dual matroid, and so is every one of its minors.- - Every direct sum of reqular matroids remains regular.
Every graphic matroid (and every co-graphic matroid) is regular.  Conversely, every regular matroid may be constructed by combining

graphic matroids. co-graphic matroids, and a certain ten-element matroid that is neither graphic nor co-graphic, using
an operation for combining matroids that generalizes the clique-sum operation on graphs.

Uniform Matroids: A uniform matroid U: has 11 elements, and its independent sets consist of all subsets of up to 1 of the elements.

Uniform matroids may be represented by sets of vectors in general position in an 7-dimensional vector space. The field of representation
must be large enough for there to exist 77 vectors in general position in this vector space, so uniform matroids are Flinear for all but finitely many fields .
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Partition Matroids:

Let B, be a collection of disjoint sets, and let ¢, be integers with ) << ; < |BE| Define a set [ to be “independent” when, for every index ;, | In BE-| < d;.
Then the sets that are independent sets in this way form the independent sets of a matroid, called a partition matroid. The sets [3; are called the blocks of the

partition matroid. A basis of the matroid is a set whose intersection with every block [5; has size exactly ¢{;, and a circuit of the matroid is a subset of a single block
B; with size exactly d; + 1. The rank of the matroid is Z d;-

Every uniform matroid U; is a partition matroid, with a single block Bl of 13 elements and with dl = 7. Every partition matroid is the direct sum of a collection

of uniform matroids, one for each of its blocks.

Transversal Matroids:
In some publications, the notion of a partition matroid is defined more restrictively, with every d@ — ]. The partitions that obey this more restrictive definition

are the transversal matroids of the family of disjoint sets given by their blocks.

Graphic Matroids:
A graphic matroid is the matroid defined from the edges of an undirected graph by defining a set of edges to be independent if and only if it does not contain a cycle.
Every graphic matroid is regular, and thus is Flinsar for every field ~

Gammoids:

Like uniform matroids and partition matroids, the gammoids, matroids representing reachability in directed graphs, are linear over every sufficiently large field.
More specifically, a gammoid with 71 elements may be represented over every field that has at least 9™ elements.
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Algebraic Matroids:

The algebraic matroids are matroids defined from sets of elements of a field extension using the notion of algebraic independence.
Every linear matreid iz algebraic, and for fields of characteristic zero (such as the real numbers) linear and algebraic matroids

coincide, but for other fields there may exist algebraic matroids that are not lingar.

Let L be a field. A subfield of L is a subset K of L which is closed under the field operations of L and under taking inverses in L. In other
words, Kis a field with respect to the field operations inherited from L. The larger field L is then said to be an extension field of K

In abstract algebra, a subset 5 of a field L is algebraically independent over a subfield K if the elements of 5 do not satisfy any

non-trivial polynomial equation with coefficients in K.

Matroids of Entropic Regions:

The Shannon entropies of all subvectors of a random vector are considered for the coordinates of an entropic
point in a Euclidean space. The entropic points in a space define an entropic region. The problem to describe the
region will be reviewed and connections to the matroid theory discussed.

Two classes of matroids are closely related:
Partition representable and asymptotically entropic. A matroid is Partition Representable if its rank function is a

multiple of an entropic point. A matroid is Asymptotically Entropic if its rank function is in the closure of the
entropic region.

ﬁ Adaptive Signal Processing and Information Theory Research Group
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Non Representable Matroids:

The first matroid that was known to be not representable was the Vamos Matroid, this structure define an entire family
of Non representable matroids. In 2009 the research team of Information Security Lab, College of Computer Science
& Technology, Huazhong University of Science and Technology, Wuhan, China, leaded by Chingfang Hsu and Qi
Cheng have shown, based on discretization of the Vamos matroids family, that there isa way to generalize a
sufficient condition for not representability of matroids.

Definition The Vamos matroid is defined on Q={1,2,3,4,5,6,7,3} with
bases all 4-sets except the five 4-sets which are: {1,2.,3,4} . {1,2,5‘6}.
{1,2,7,8} .{3.4,5,6} .{3.4,7,8}.

Vamos Family

For the Vamos matroid A7 =(L,7Z) ., there exists a partition
nn :{‘[::1 PZ?RH:'RI} ( ‘FT :{]"2}"RJ :{334}=R4 :{5’6’}"'04 :{?"8} ) of the
ground set &, and the partition I, defines a mapping IT,: 2(Q)— Z" and,

hence, we obtain a discrete polymatroid Dy, =I1,(Z") corresponding to the Vamos

matroid.

(ﬁ‘ Adaptive Signal Processing and Information Theory Research Group
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Proposition For a discrete polymatroid [ with ground set J_ . if there exists

XcJ . where | X =4, such that D(X)=D, , then D must be a non-

representable discrete polymatroid, and hence, the multipartite matroid corresponding
to [D must be non-representable. All of these discrete polymatroids construct a fam-

m

ily of non-representable matroids, that is,
Fp, :{D‘:ET :D(X)=D,.XcJ, HIXI= 4} , which we call Vamos
Family.

A Sufficient Condition for a Discrete Polymatroid to Be
Non-representable

Theorem Let D c Z be a discrete polymatroid with ground set J,,, if there

exists X < J _ such that D(X) Z{H(X):ME D} CET' is a non-representable

discrete polymatroid, then ) must be a non-representable discrete polymatroid and,
hence, the multipartite matroid corresponding to [ must be non-representable.
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Extension of this method to determine Representability using Secret Sharing schemes in general :

Definition of an Ideal Secrete Scheme from a representable matroid, general procedure:
Let II be a finite field and let A/ =(¢. 7 ) be a Il-representable matroid. Let p, € ¢ be

special participant called dealerand & =PlJ{

2o ‘, For every kx(n+1) matrix M representing

-

At over I, let E be a vector space of finite dimention dimE =k over . For every i€,

we define a surjective linear mapping: 7,:E — K. and the 7-th column of M corresponds to the
linear form ;. In that situation. for every random choice of an element x< E. we can obtain
5; =7;(x) € K is the share of the participant /€ P and s=7, (x) € X is the shared secret value.
Hence, by the columns of M . we define an ideal secret sharing scheme with access structure
[, (A7) . where minl, (A7) = {A < P: AU{p, }is a circuit of A7 } . Therefore, the access

structures induced by representable matroids are ideal.

Discretization of the Ideal Sharing scheme via Partition of disjoint subsets:

We write Z7(P) for the power sef of the set P. An m -partition I[1={R....P,} ofaset P
is a disjoint family of m nonempty subsets of P with P=FRU..UP,. Let ACP(P) be a
family of subsets of P. For a permutation ¢ on P. we define o(A)= {U(A) tAe A} cP(P). A
family of subsets A < Z(P) is said to be IT-partite if o(A)=A for every permutation & such

that g(P)=PF for every P €Il. We say that A is m -partite if it is II-partite for some m -

partition IT. These concepts can be applied to access structures and matroids.

ﬁ‘ Adaptive Signal Processing and Information Theory Research Group
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Construction of a discrete Polymatroid from the Partitioned scheme, in the most general case.

For every integer 717 =1, we consider the set J, ={Ll...m}. Let Z7 denote the set of vectors
u=(thy....u, ) €Z" with u, >0 for every i€J,. For a partition II={R....B,} of a set P
and for every AC P and ieJ,. we define TI.(4) =/ 4() 2 |. Then the partition IT defines a
mapping IT:7(P)—Z" by considering II(A4)=(I1,(4)....IT, (4)). If AcP(P) is II-
partite, then A€ A if and only if I1(A4)eII(A). That is. A is completely determined by the

partition IT and the set of vectors II(A) c Z.
Definition of needed operators on the vector spaces :
If uvelZ?, we write u<v if u, <v, for every ieJ,. and we write
w<v if <y and u#v. The vector w=uvv is defined by ; = max(u;.v;). The modulus of

. . mm - — S ) — . : y — = 7|X
avector ueZ] is |ul=u +---+u, . For every subset X = J . we write u(X)=(u,),_, €Z;

and [u(X)=3"
Conceptualization of the Discrete Polymatroid:
A discrete polymatroid on the ground set J,_ is a nonempty finite set of vectors D CZ”
satisfying:

m

1.if weD and veZ] issuchthat v=u. then v€D.and

2. for every pair of vectors u.vE D with |u|<|v]. thereexists weD with v <w=uwvv.

Adaptive Signal Processing and Information Theory Research Group
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A relation between multipartite matroids and discrete polymatroids emerge directly from the axioms
of independent sets and can be expressed by the following proposition:

Proposition 2.1. Let I be a partition of a set ¢ and let 7 Z Z(¢) be a Il-partite family

of subsets. Then Z is the family of the independent sets of a II-partite matroid 47 =(&.7) if
and only if TI(Z)cC Z. is a discrete polymatroid.

The bases of the Polymatroid are defined as:
Proposition 2.2. A nonempty subset /& — Z7 is the family of bases of a discrete polymatroid if
and only if it satisfies:
1. all elements in /4 have the same modulus, and
2. for every # €4 and veE L with u, >v;, there exists je.J, such that #, <v, and

-

H—e, + e e 47 . where e, denotes the 7-th vector of the canonical basis of z" .

While its rank function is given by:

The rank function of a discrete polymatroid D

with ground set J_  is the function

h:2(J7,)—Z defined by h(X)= 111ax{| w(X)|ue D} . The next proposition is a consequence of

Properties of its rank function are:

Proposition 2.3. A function 77:7(J, ) — Z is the rank function of a discrete polymatroid with

ground set J, if and only if it satisfies

1. h(p)=0.and
2. h is monotone increasing: if X =¥ < J,,.then A(X) =< /h(Y).and

3. h issubmodular: if X.¥ < J, .then (XU +A(XNY)=h(X)+h(T).

% Adaptive Signal Processing and Information Theory Research Group
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Characterization of the Polymatroid using its rank function:

D= {H eZ": Ju(X)|=h(X) foralX cJ, }

Definition of representability of Matroid based on its rank function:

Let I be a field. E a [{-vector space, and F].....F,, subspaces of E. It is not difficult to

check that the mapping /: 7(J,) — Z defined by h(X)= dim(zje V7) is the rank function of a

discrete polymatroid D < Z7 . In this situation, we say that D is II-representable and the subspaces

V...V, area IL-representation of D).

Criteria of Representability of the Secret Shared scheme Matroid based in the associated discrete polymatroid built through partitions:

Proposition 2.4. Let 14 =(L.7) be a II -partite matroid and let D=TII(Z) be its
associated discrete polymatroid. If 17 is [l-representable. then sois D). In addition, if D is [I-

representable, then 17 isrepresentable over some finite extension of [.
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Generalizacions of Matroids ( Supermatroids and Convex Geometries)
Dunstan, Ingleton, and Welsh introduced the concept of a supermatroid in 1972 as a generalization of the concept of an
ordinary matroid and integral polymatroid.

Distributive supermatroids or poset matroids are supermatroids defined on distributive lattices or sets of order ideals of
partially ordered sets (posets).

Cg Matroids have been defined and worked by a research team of the Kyoto University — Research Institute of Mathematical
Sciences and the Central Institute of Economics and Mathematics of the Russian Academy of sciences since 2006.

The concept of a distributive supermatroid (or a poset matroid) can be generalized by considering a convex geometry, instead
of a poset, as the underlying combinatorial structure on which we define a matroidal structure, which we call a cg-matroid.

Characterizations of cg-matroids is done by means of the exchange property for bases and the augmentation property for
independent sets.

Strict cg-matroids will turn out to be exactly cg-matroids that are also supermatroids. In other words, strict cg-matroids are
exactly supermatroids defined on the lattices of closed sets of convex geometries.

Closure Space: Let £ be a nonempty finite set and F be a family of subsets of £. The pair (£, F) is

called a closure space on E' if it satisfies the following two conditions:
(FO)y 0, E < F.
(FI) X.YeF=XnNY cF.
Posets: A (non-strict) partial order is a binary relation "<" over a set P which is antysymmetric, transitive, and reflexive, i.e., for
all q, b, and c in P, we have that: a < a (reflexivity) for all a in P; ifa < b and b < a then a = b (antisymmetry);
ifa<band b = c then a < ¢ (transitivity).

In other words, a partial order is an antisymmetric preorder.
A set with a partial order is called a partially ordered set (also called a poset
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SuperMatroids:
Let us now deal with supermatroids. A pair (%, %) is a supermatroid on & if ¥ = (¥, <) isa
poset with 0 and height function | |, and % C .% is a subset such that:

(IHsM Forall I €e # if K € ¥ and K <I.then K € %
(,"2)5M |I]| =|K| for all maximal I, K € [0, A]N % and all A € &.
Convex Geometry:

The set £ is called the ground set of the closure space (£'. 7)., and each member of F is
called a closed set. Moreover, we call the closure space (/. F) a convex geometry if it
satisfies the following condition:

(F2) VX € FA\N{E}., Gee E\ X: X U{e} e F.
Condition (F2) is equivalent to the following chain condition:

(F2)Y Every maximal chain) = Xy C X; < --- C X,, = F in F has length n = |E|.

Closure Operator:

Next we define an operator 7 : 2 — 2% associated with the closure space (£, F).
For any X < 2% define

T(X) =Y e F| X Y}

That is, 7(X) is the unique minimal closed set containing X . The operator 7 satisfies the
following properties (cl0)~(cl3):

(clo) 7(0) = 0.

(cll) X € 7(X) for X € 2¥ (Extensionality).

(cl2) X CV = 7(X) C 7(Y) forany X.,Y < 2% (Monotonicity).
(cl3) 7(7(X)) = 7(X) forany X € 2 (Idempotence).

Adaptive Signal Processing and Information Theory Research Group
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In general, any operator 7 : 2% — 2% satistying the four conditions given above is called a
closure operator. Conversely, given a closure operator 7, define F = {X € 2F | 7(X) =
X'}, Then F forms a closure space on £. Hence, for a finite set £ and a closure operator
7 on £ we also call the pair (£, 7) a closure space.

In terms of closure operator, a closure space (E.7) is a convex geometry if and only
if 1t satisfies the following property, called the anti-exchange property:

(AE) X CE, pe ENT(X), e (XU {pH)\ {p} = pZ7(XU{q}).
Graded lattices Operations:
Every convex geometry forms a graded lattice with respect to set-inclusion, where the
lattice operations join \V and meer A are given by
XVY =7(XUY), XAY=XnY
for any X, Y € F.

Convex Geometry Matroids: For a convex geometry (£, F) and a
family 5 € . suppose that B satisfies the following three conditions:

(BO) B # (.
Bl) By.Bse B, B, C By — B — Bo.

(BM) (Middle Base Property)
Forany B|. B> € Band X.Y € Fwith X C B, B, C Y,and X C Y,
there exists B € Bsuchthat X € B C Y.
Then we call (£, F; B) a matroid on the convex geometiy (I, F) (or a cg-maitroid for
short). Each B € B is called a base, and BB the family of bases of cg-matroid (E, F; B).
1
Note that a cg-matroid (£.F:B) is an ordinary matroid when F = 2% and that

(£, F:; B) is a poset matroid (or a distributive supermatroid) when F is the set of order
ideals of a poset on £

% Adaptive Signal Processing and Information Theory Research Group
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Formal definition: Partition Representable Matroid

A matroid on the ground set N with the rank function r is said to be partition representable
of degree d =2 if partitions &, i€ N, of a finite set Q of the cardinality "), exist such
that the meet-partition & = A._, & has d"") blocks of the same cardinality for every I C N.

Alternative Names: Secret Sharing Schemes and Almost Affine Codes

Partition representable matroids are called also secret-sharing or almost affinely representable and
partition representations correspond to ideal secret-sharing schemes or to almost affine codes.

Meet Partitions of P-representation are Uniform:
A partition with all blocks having the same number of elements will be termed uniform. All meet-
partitions of a p-representation are uniform:

All blocks of & have the cardinality d "™™-r1) ; especially, ; §;, has only one block being the whole
set and & N has d'™ blocks being the singletons of .

(ﬁ" Adaptive Signal Processing and Information Theory Research Group
Dr Drexel University , Philadelphia, Pennsylvania, summer 2013
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Motivation of the conceptin Matroid Theory:

A central notion of the present study has emerged to us, maybe quite unexpectedly
in context of the matroid representation theories, from an investigation of conditional
independence structures among random variables, see [33]. After recognition of the role
of entropy functions, cf. [17], some conditional independence structures were related to
matroids and some of their probabilistic representations appeared to have a highly sym-
metric combinatorial form. The resulting notion is that of partition representable matroid

Other Research fields that have found the same concept:

was introduced independently in cryptology under the label ‘secret-sharing matroid” [39]
and in coding theory as ‘almost affinely representable matroid’ [40]. There, a starting
point was the result of [8] relating ideal secret-sharing schemes to matroids.
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Formal definitions: Partitions are Random Variables

¢ = (&;)ie N isasystem of partitions of a finiteset € and p is a nonnegative

Suppose that
Equivalently, we will say that € isa system of random variables.

functionon @ summing to one.

&, I C N, canbe considered as a Set Algebra with Probabilityspace (€, p)

Where the Shannon entropy is defined as: §, (H=-3_, ~ - p(A)In p(4)
A AC g

And the Probability of the block A from ¢ isgivenby: p(4)=)>_ c4 P(0)

h: is the entropy function of &.

(N, he) isknown to bea Polymatroid.
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1)) | Drexel University , Philadelphia, Pennsylvania, summer 2013




Partition representable matroids - Analysis of paper!:
Matroid representations by Partitions by Frantisek Matus

What is the meaning that the {7, / C N, must beaset algebra? That they must obey the following properties:

The fundamental laws of set algebra

The binary operations of set union and intersection satisfy many identities. .
PROPOSITION 1: For any sets A, 8, and C, the following identities hold:
commutative laws:
r AUB=BUA
s ANB=BnNnA
associative laws:
s (AUB)UC =AU(BUC)
« (ANB)NC=AN(BNC)
distributive laws:
« AU(BNC)=(AUB)N(AUC)
« AN (BUC)=(ANB)U(ANC)

PROPOSITION 2: For any subset A of universal set U, where & is the empty set, the following identities hold:

identity laws:
AU =A4
s ANU=A4
complement laws:
cAUAY=U
cANA“=p
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Probability space of the Partitions:
At the same time the &;, I C N, constitute a Probability space:

A probability space is a mathematical triplet (2, F, F) that presents a model for a particular class of real-world situations.

A probability space consists of three parts:

1. Asample space, Q, which is the set of all possible outcomes.
2. Asetof events r, where each event is a set containing zero or more outcomes.
3. The assignment of probabilities to the events; that is, a function P from events to probabilities.
The prominent Soviet mathematician Andrey Kolmogorov introduced the notion of probability space, together with other axioms of probability, in the 1930s.
An outcome is the result of a single execution of the model. Since individual outcomes might be of little practical use, more complex events are used to characterize

groups of outcomes. The collection of all such events is a g-algebra F.
Finally, there is a need to specify each event's likelihood of happening. This is done using the probability measure function, P.

In short, a probability space is a measure space such that the measure of the whole space is equal to one.
The expanded definition is following: a probability space is a triple (£2, 7, P) consisting of:

« the sample space {1 — an arbitrary non-empty set,

» the o-algebra F = 2% (also called o-field) — a set of subsets of Q, called events, such that:

s F contains the empty set: 0eF,
» F is closed under complements: if A=F, then also (0 A)=F,
« F is closed under countable unions: if A2F for =12, then also (UA)=F
# The corollary from the previous two properties and De Morgan's law is that F is also closed under countable intersections: if A=F for =1,2,.., then also (NA)=F
e the probability measure F. & —[0,1] — a function on F such that:
¢ Pz countably additive: if {A}=F is a countable collection of pairwise disjoint =ets, then P{LIA;) = ¥ P(4;), where " denotes the disjoint union,

+ the measure of entire sample space is equal to one: A0} = 1.
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Strongly probabilistically representable Matroids

Given this partition, if p(w)=|Q ! for weQ then h: =r - Ind where d is the degree of ¢

We say (N,r) to be strongly probabilistically representable if for a system ¢ of random
variables on (£2, p) the entropy function of ¢ is proportional to the rank function r

he=c-r

Every strong probabilistic representation ¢ (over some (£2, p)) of a connected matroid with

rank at least two has associated a unique integer number d>2 such that p(A) =d—®), 4 &
ICcN

A matroid is partition representable if and only if it is strongly probabilistically
representable and that there are only trivial differences between partition
representations and probabilistic representations.
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Semimatroids (Formal definition)

Let (N, g) be a polymatroid and [[g] be the family of those triples (i, j|K), K C N, i,
j€N — K, which satisfy

giUK) +g(jUK)=g(K)+g(iU;jUK).

The family [[g]| defined in this way is called Semimatroid.

Probabilistically representable Semimatroids:
if for a system of random variables ¢ on (L2, p) a triple (i, j|K) belongs to it if and only if

¢ is stochastically conditionally independent of &; given &g

A necessary and sufficient condition for thisis /h:(iUK)+h:(jUK)=he(K)+he(iUjUK)
if i = j this means a functional dependence.

Thus, a semimatroid |[g]]| is probabilistically representable if and only if |[g]| = |[[h¢]| for some §

vy /A 3
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Weakly probabilistically representable Matroids:

A matroid (N, r) is weakly probabilistically representable if the semimatroid [r] is
probabilistically representable, i.e. if for a system of random variables on some (£, p)
the equality A:(i UK)+ h:(jUK)=h:(K)+ h:(i UjUK) 1s equivalent to r(i UK ) +
r( jUK)=r(K)+r(iUjUK) whatever K CN and i,j € N —K.

Secret-sharing schemes

Let N be a finite set (of participants), 0 € N be a distinguished element of N (dealer),
and ./ a nonempty family (access structure) of subsets of N —0 no two of them being
in a set inclusion. Let us suppose that every i€ N — 0 is contained in some J € .o/

A system of random variables ¢ = (¢;); <y is called (probabilistic)

secret-sharing scheme for o/ if hz(0UI)= hs(1) for every I C N — 0 containing some
J e ..
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Perfect secret-sharing scheme

A secret-sharing scheme is perfect if hz(0 U1)=hz(0)+h:(1) for every I CN—0
containing no J € .«/; in such a scheme if i€ N — 0 then i €J for some J € .«/ and
he(i) = he(J) —he(J — i) =he(0UJT) — he(J — i)
= h:(0UJ)—1i)—he(J —i)=h0).

Ideal secret-sharing scheme

if h:z(i) = hz(0) >0 for all ie N — 0.
If ¢ is an ideal secret-sharing scheme for some .o/ then there exists a unique con-
nected matroid (N, r) such that

o/ ={JCN —0;00UJ is a circuit of (N,r)} h:=c-r for a positive number ¢

Thus an ideal secret-sharing scheme is one of the strong probabilistic representations of a
connected matroid and, omitting trivial situations, it is a partition representation of a connected
matroid. In the reverse direction, all strong probabilistic representations give rise in a
straightforward manner to ideal secret-sharing schemes.
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Duality
It is interesting to ask whether the dual of a p-representable matroid is p-representable?

There is a natural extension of the matroid duality to the class of semimatroids containing only
the triples (i; j|K ) with i /=j, see [33].

In [34] an example of a probabilistically representable semimatroid having the probabilistically
nonrepresentable dual was found. Second, the p-representations of a matroid can have
different structure than the p-representations of its dual.

For duality in perfect secret-sharing schemes see [21] and for duality in almost affine
codes [40].
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Comparing matroid representations
Linearly representable Matroids:

Linearly (I-) representable matroids are p-representable. If a matroid (N; r) is I-representable
over a field then it is I-representable also over a finite field of sufficiently high cardinality d, that
is, there are linear functionals x, , i € N, on a linear space E of the dimension r(N ) over the
finite field such that r(I ) is the rank of the hullof (x,)i€e I, Ic N.

Blocks of a partition ¢, of @ = E are then taken as the shifts of the null-space of the functional
xi, i €N and it is almost straightforward that the system of partitions ¢ = (Ci)ien is
a p-representation of the matroid (N; r) of degree d.

Multilinearly representable Matroid:

A matroid (N, r) is multilinearly (ml-) representable if at least one of the polyma-
troids (N,nr), n=1, has an l-representable expansion; equivalently, if for some n=>1
there exist subspaces D;, i « N, of a linear space £ over a field such that the rank of
the hull of D;, i</, 1s nr(1), for every I C N. If the subspaces have ranks at most 1
we have an l-representation. Obviously, ml-representable matroids are p-representable.

Adaptive Signal Processing and Information Theory Research Group

Drexel University , Philadelphia, Pennsylvania, summer 2013


http://www.google.com/url?sa=i&rct=j&q=drexel+university&source=images&cd=&cad=rja&docid=-EssMTHvuKdcMM&tbnid=fgFPvDLmrjqsYM:&ved=0CAUQjRw&url=http://www.parchment.com/c/college/college-400-Drexel-University.html&ei=-1_9UbPzJbjH4APdkIGYBg&bvm=bv.50165853,d.dmg&psig=AFQjCNG501C26MCQ6aY256jNcnmCmKrJJA&ust=1375646030591564
//upload.wikimedia.org/wikipedia/commons/4/4f/1_42_polytope_E6_Coxeter_plane.svg

Partition representable matroids - Analysis of paper:
Matroid representations by Partitions by Frantisek Matus

Obviously, ml-representable matroids are p-representable. The problem whether there exists a p-
representable non-ml-representable matroid, remains open.

To solve, it would suffice to find a p-representable matroid such that its rank function does not
satisfy the Ingleton inequality. This inequality is a necessary condition for a matroid to be ml-
representable but entropy functions do exist violating it

An algebraically (a-) representable matroid need not be p-representable. A natural question is whether
a p-representable and non-a-representable matroid exists.

Any minor of a matroid having a p-representation of some degree d is p-representable of the same
degree d, [33,40].

A matroid is p-representable of degree two and three if and only if it is binary and ternary,
respectively, see [33,5]. Even more, all its p-representations are p-isotopic to I-representations,

[40].

Since the matroids L» 722 nonprime are non-p-representable and all their proper minors are 1-
representable, see [26,10], they are forbidden minors for the p-representability. Hence, the class of
p-representable matroids has an infinite number of forbidden minors.
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The p-characteristic set of a matroid

It is the set of all integers d >2ch that the matroid has a p-representation of degree d, cf. [20,23,18,38].
A natural question is which subsets of {2; 3; 4;:: :} are the p-characteristic sets of matroids. We want
to remark that the p-characteristic sets are multiplication closed.

In fact, if £ and # are two p-representations of a matroid (&, r) having the degrees
d: and d, and living on Q: and €,, respectively, then their product Zcon=({i)ien
will consist of the partitions {; of Q: x €, having the blocks 4 x B for A< (;

and B < ;. The product £ @ n is obviously a p-representation of the matroid of
degree d: - d,.

Classifying the p-representations of a matroid, the most interesting are irreducible
p-representations, i.e. those that are not p-isotopic to the product of two p-representations
of the matroid. All the remaining p-representations are simply E@ &, ERERE, ... .
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Essential concepts involved in the Partition Representaiton of Matroids

Coordinate Projection:
Where O # () and I are two sets, elements of O/ will be denoted by x; = (Xi)ies
and the coordinate projection of x; €O’ on @/, JCI, by m(x1) = (Xi)ieJ; 0’
is a fixed one-clement set. Subsets S of Q' will be projected similarly

m(S) = {n)(x;)€0’; x; €S}
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Essential concepts involved in the Partition Representaiton of Matroids

Parastrophic quasigroups mappings:

gL : Q¢ ' — Q are parastrophic quasigroups on Q (of arity |C| — 1) in the usual
sense; for background on the quasigroup theory see [14.15]. Note that for all i€ C

qc = {xc € 0%; q&(me—i(xc)) = mi(xc)}.
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Essential concepts involved in the Partition Representation of Matroids

C-Quasigroup:

If C is a nonempty set then a C-quasigroup on Q # () will be for us a special subset
ac of O defined as follows. For every i € C, to every xc—; € Q“~' there exists a
unique y; € QO such that the C-tuple z¢ composed from 7c_;(z¢) = xc—; and

mi(zc) = y; belongs to qc.
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Example 1.2. Let (N,r) be the free matroid on N (r({)=|I|, I CN) and Q a finite
set of cardinality d=2. We set 2 =0V and &, i €N, to be the partition of Q with —m;);l;q,:en (M) Free Madrord

the blocks {xy € Q; mi(xy)=a}, a€ Q. Verbally expressed, the blocks are ith parallel o Py

coordinate layers of OV. It is obvious that £ =(&;);cx is a p-representation of the free [ o0 g g \\
matroid of degree d. If a partition of an arbitrary subset Q of @V is specified by the e . &
coordinate projection as above (its blocks are intersections of the coordinate layers with cmu:fr ) /.

/A g3 e p e
z ';/" of dhe free wotnd of

o s

Q) we speak about a coordinate partition of Q. The system of all coordinate partitions
of any N-quasigroup Q= qy C Q" on Q can be easily identified as a p-representation
of the uniform matroid U,_;, of degree d. This matroid has a ground set N of the o -
cardinality n =1 and the rank function #({) = min{|/|,n — 1}, I CN; the only circuit

of the matroid is C = N.
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Essential concepts involved in the Partition Representation of Matroids

5 |6)=4
P-isotopic representations: ! £ .
, Y e & !
R X ]
Definition Two p-representations &= (&;)ien and n=(#;); ey of a matroid (N,r), ® ( o / w ¢ X .
| >
living on two sets £2: and €2, respectively, are p-isoropic if there exists a bijection f et Vl : A o
of @+ onto €, such that /& =, forall ie N, /__7;—7;: % :v‘“‘)‘(c ey , weSL
i Falls i ‘Q‘:\ L [ y=a"
P-isotopic p-representations of a matroid must be of the same degree; » is said to { i Yo, [
be a p-isotope of &. Blocks of &; are mapped by f onto blocks of #; for all I C N. & X [ 3 @//‘ BV = QXQXRY .- -~X R
Let & be a p-representation of a matroid of degree d living on ;. If Q is a set of the : \ | N e
cardinality d and f; : 2 — Q is a function distinguishing and constant on the blocks — > /
of &, i €N, then the composed function fn defined by fx(w)=(fi(w))ien, w < Q¢ /
maps Q: injectively into OV. Let Q, = fn(Q:) be the image of Q: and 1 = fn&: be /
the partitions of €,. Obviously, # = (#;);c~ is a p-isotope of &. It is obvious that all ’ ‘/{n
partitions within # are the coordinate partitions of €,. \\1/ AN grax... X8
ATTTT VT T
1 T \ \ \ \ \ l
| \ \ |
=7 ‘ P .
Sty

RS S

prisekpe 25

R -
i 13 psictope ~N > pathp
oF =4 e I U= {” f"

e i puct s o620,

Adaptive Signal Processing and Information Theory Research Group

Drexel University , Philadelphia, Pennsylvania, summer 2013


http://www.google.com/url?sa=i&rct=j&q=drexel+university&source=images&cd=&cad=rja&docid=-EssMTHvuKdcMM&tbnid=fgFPvDLmrjqsYM:&ved=0CAUQjRw&url=http://www.parchment.com/c/college/college-400-Drexel-University.html&ei=-1_9UbPzJbjH4APdkIGYBg&bvm=bv.50165853,d.dmg&psig=AFQjCNG501C26MCQ6aY256jNcnmCmKrJJA&ust=1375646030591564

Partition representable matroids - Analysis of pape

Matroid representations by Partitions by Frantisek Matus

Essential concepts involved in the Partition Representation of Matroids

We have just seen that every p-representation £ of a matroid is p-isotopic to the
p-representation # which lives on a subset of a Cartesian product and consists of all
coordinate partitions of the subset. It is not difficult to see that m;(€,) = Q' for any
base I of the matroid (and consequently for every independent set of the matroid) and
that mc(£2,) is a C-quasigroup for every circuit C of the matroid. The following lemma
asserts that these two properties characterize those subsets of Cartesian products that
support p-representations consisting of coordinate partitions.
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Lemma 1.4. Let N be a finite nonempty set and ¥ a nonempty hereditary family
of subsets of NI €9 and J I impliesJ < .9). We denote by € the family of
all inclusion-minimal subsets of N out of .7. If Q is a subset of a Cartesian prod-

L I TeT', Theadory Lmny uct OV, |0 =2 finite, such that m;(Q)=0Q' for I1<.7 and nc(Q) is a C-quasigroup

O, e 7}@._. &

on Q for C€% then 7 is the family of independent sets of a matroid on N. The
coordinate partitions of the set Q form a p-representation of the matroid of the
degree |0

Lemma - 1.4,
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Essential concepts involved in the Partition Representation of Matroids

Almost Affine codes & Almost affinely representable matroids.

In [40], a subset Q of OV, |Q|=2 finite, is called almost affine code if the cardinality
of every projection m;(Q), I C N, is a power of |Q|. The family . ={I ¢ N;1;(Q2)=0"}
is nonempty, hereditary and obviously for the minimal C out of .7 the projection ¢ (£2)
is a C-quasigroup. The above lemma implies that |;(Q)|=|0|""), I C N, for a unique
matroid (N, r). The matroids arising in this way, for us the p-representable matroids,

are called in [40] almost affinely representable.
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paper:

Expansion of the the example 1.2

It is trivial that for the free matroid any two
of its p-representations of the same degree are p-isotopic. Let us suppose now that
¢ and 5 are two p-representations of U,_j ,,n=1, living on € c 0" and Q, c RV
and consisting of the coordinate projections, correspondingly. Necessarily, Q; is an
N-quasigroup on Q and £, is an N-quasigroup on R. If the two N-quasigroups are 'm,,;.mfcpﬂj\vf"“s
Isotopic, i.e. there exist bijections g; : Q — R, i € N, such that the composed mapping

gy is a bijection between £: and €, then { and # are obviously p-isotopic. But it is not
difficult to reverse the assertion, namely, if ¢ and # are p-isotopic then every p-isotopy
must have the composed form gy for some bijections g;, i € N. Hence, the p-isotopy

) , e,
the isotopy classes of the usual (n — 1)-ary nontrivial finite quasigroups. — R G geen * / i Z> ‘e
JF @ and R arc |sofeprc —=> ﬁavJ_’ZarcIuh,qt?c’R

The p-teckpy closses oF the Yn.yn arc 1n o Onc-one Correspordirce
with the Isehpy classs of fne wsuml Cnet)-ary wen Trvie] gasigrefs
C)%e), 1%] >2)

classes of the p-representations of U,_;, are in a one-to-one correspondence with s
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Example 1.5. Let (N, r) be the uniform matroid U, where 0 < ¢ < n=|N| and r(/)=
min{|/|,#}, I CN. A p-representation of U,, is nothing else but a set @ C Q" such
that the projections mc(€2) are C-quasigroups for all C of the cardinality ¢ + 1; the
condition on bases from Lemma 1.4. follows and is thus redundant. These sets £ cor-
respond, by a fixed base /, |I|=t, to the families of n —t orthogonal f-ary quasigroups
qfuf., icN — I, where q;_; = m;0(Q). (The orthogonality can be defined by demand-
ing injectiveness of the mapping x; — (:rr;m{x;'),(qfuj.(_x;)')jej_;') for every J CN,
|/|=t.) In a combinatorial language, the p-representations of uniform matroids of rank
at least two are the orthogonal latin hypercubes, see [14]. In coding theory one uses,
equivalently, the term ‘orthogonal arrays of size |Q|', n constraints, |Q| levels, strength
t, and index 1°,

Lrmple | S QM

rtn= min | I),¢}, TEO

S R L N

(:?b»\

5. gy, A
=t 3 et S0P

N $ - - vetem=|N)

Ten ! Q,”__:b orthegenal < -ary guosrrovps .

96 i eN-I
NI I i =
where Fgor U0 /

% Adaptive Signal Processing and Information Theory Research Group
Drexel Drexel University , Philadelphia, Pennsylvania, summer 2013

LEY




Partition representable matroids - Analysis of paper:
Matroid representations by Partitions by Frantisek Matus

Essential concepts involved in the Partition Representation of Matroids

P-isotope Coordinatization

Definition 1.6. Let (N,r) be a matroid and ¢ its p-representation of degree d =2 on
Q:. A p-isotope n of ¢ living on Q, is called coordinatization of £ w.r.t. a base 1
of the matroid if Q, = O’ for some finite set O of cardinality d and #;, i €I, are the
coordinate partitions of Q. When n = & here we say that & is in the coordinate form
w.r.t. 1.
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Essential concepts involved in the Partition Representation of Matroids

Latin Partitions ( Level partitions of Quasigroups)

It is easy to see that every p-representation & can be brought into the coordinate
form w.r.t. any basis / of the underlying matroid; it suffices to transform it by a
composed function f;. A partition of Q' is called a latin partition if its blocks
can be given as {x; € O';qL (mc—i(x1)) = a}, a< O, where qc is a C-quasigroup
on Q, i¢l, and ie C CiUIl. We will use equivalently also the term /level partition
of a quasigroup. Latin partitions are obviously uniform. .

Defindien = batern Bactrher (Leyel Parkiron oFa Buasiqrovp)
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Matroid representations by Partitions by Frantisek Matus
Essential concepts involved in the Partition Representation of Matroids

All ‘nonbasical’ partitions of a p-representation in the coordinate form w.r.t. a base /
are latin, they are constructed from y(i,/)-quasigroups, i € N — I. To recognize which
y(i,1)-quasigroups, i « N — I, can be used to specify a p-representation we will use
later this lemma. bemwe. 19, Wneh YC1,3) qucigps , EEN-L G be sk fo Speoty @ Propreimtai 7
A T abae of tre oabnnd (Wyr) '

grmn s ﬂivr)-cfwsm on B |&122
(EN-T
Lemma 1.7. Let I be a base of a matroid (N,r), a,ip), i €N—1, be a y(i,])-quasigroup
on 0, 0/>2, and

Q™ =Ml

Q={xy€ QN; () = q;f(ij)(ny(i,l)—i(xN)): iEN -1}

7rf (rr,Ltm)) 3’ )

(1) FaCﬂ) 77&(9-)= 2 7"[!:13:)
If 1c(Q) is a C-quasigroup on Q for every circuit C, |C —1|=2, then the coordinate i
partitions of Q (of Q' together with the level partitions of qyip, i €N —1I) provide
a p-representation of (N,r) (in the coordinate form w.r.t. I).
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Essential concepts involved in the Partition Representation of Matroids

D-Linked bases of a Matroid

Let 7 be a subfamily of the family % of all circuits of a matroid. Two bases / and J
of the matroid are “7-linked if there exists a sequence of bases /=1y, /y,..., Li=J, t=20,
such that |/; — /;51| = | and the unique circuit contained in the union of /; and /4
belongs to 7, 0<s < . To be linked is a relation of equivalence.

OEF: ( D-Linked boses)

I or, =&
22078 =(3
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Lemma 1.8. Let (N,r) be a paving matroid, ¥(N)=2, I be its base and the family
7 contain its circuits C,|C|=r(N),|C —=1|Z2. Let %"= U{y(i,l);ie N -1} and
A" be an arbitrary family of its bases such that every base not %'-linked to I is
' -linked to some base from #'. Let a set Q be constructed from (i, I)-quasigroups
on Q as in Lemma 1.7. If the projections nc(Q) are C-quasigroups for C €% and
1 (Q) =0 forJ <R then the coordinate partitions of Q p-represent the matroid
(N, r).
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Essential concepts involved in the Partition Representation of Matroids

artition representable matroi
Matroid representations by Partitions by Frantisek Matus

Matroid Quasigroup Equations

Definition 2.1. Let (N,r) be a matroid and O a nonempty set. A family of C-quasi-
groups qc on @ for C running through all circuits of the matroid solves the marroid
guasigroup equations if the following is satisfied. For every base 7, for every i N — 1,
for every circuit C containing i and for every x; € Of

q:f('f,!)("'f}'(f,f)ff(xl)) = lT(ij(,chf),

where yc_; =();)jec—i has the coordinates y; = q;fw)(m,(j,;)_j(x;)) for jeC—(iul)
and y; =x; for je C /. In a single instance of /, i and C we speak about a mairoid
quasigroup equation of (N,r).

The unknowns in these equations are quasigroups (functions) which after substitutions of their
arguments satisfy ordinary quasigroup equations. Yy 27
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Essential concepts involved in the Partition Representation of Matroids

Simulateneously Isotopic family of C-quasigroups of a Matroid:

Definition 2.3. Let (N, r) be a matroid with the collection of circuits %. A family
(qc)c =% of C-quasigroups on a set Q is said to be simultaneously isotopic with a
family (r¢)c e % of C-quasigroups on a set R if there exist bijections g; : O — R, i€ N,
such that (x;);cc € qc¢ if and only if (g;x;)icc €x¢c for all C € %.

It is a matter of easy technicalities to see that if a family (gc)ce« solves the
matroid quasigroup equations then its every simultaneous isotope solves the same set
of equations as well. The simultaneous isotopy is a natural equivalence on the class
of all solutions of the matroid quasigroup equations. The main result of this section
establishes a connection between p-representations and matroid quasigroup equations.

Proposition 2.4. For any matroid (N,r) there is a one-to-one correspondence between
the p-isotopy classes of the p-representations of (N,r) and the simultaneous isotopy
classes of the nontrivial solutions of the matroid quasigroup equations associared to
(N, r).
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Essential concepts involved in the Partition Representation of Matroids

Necessary and sufficient condition for a Matroid to be P-representable

Now, it becomes evident that the p-representations can be systematically studied
in the disguise of quasigroup equations: according to Proposition 2.4. a matroid is
p-representable if and only if the system of its matroid quasigroup equations has a
nontrivial solution. A look into the first part of the previous proof reveals that the
equality € = Qy;; for a base / is equivalent to the assertion ‘(qc)ce« solves the
subsystem of those matroid quasigroup equations which are indexed by the very base
I, any i€ N — I and any circuit C containing i’. If the equality takes place for one
base then it is valid for all bases because the sets Q[;; contain € and have the same
cardinality. Therefore, while solving the matroid quasigroup equations for a matroid
one can fix an appropriate base / of the matroid freely,
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Essential concepts involved in the Partition Representation of Matroids

Generalized Associativity of Quasigroups

Consequence 3.2. If four binary quasigroup operations on a finite set O satisfy
the equation (x o y) xz =x%(y ¢ z) for all x, y,z <€ O then there exist a group (0, ),
unique up to isomorphisms, and five permutations o, f5,7,9,& of O such that

xoy=0"(ax) (¥)), xxz=0d(x) =),
yozr=e'(B(r)-92)),  xxz=a(x) &)

is valid for all x, y,z€ Q.

Consequence 3.4. If six binary quasigroup operations on a finite set O satisfy
the equation (x o y) * (vou) = (x e v)x(ymu) for all x, y,u,v < Q then there exist

an Abelian group, unique up to isomorphisms, and eight permutations o, 8,7, 9,4, 5,7
and 0 of QO such that

~—

xoy=a '(ux)+B(»)), xev=0

Eﬁn+ﬁwn, x5 3 =300 + (),
vou=7""0(0) +3w).  ymu=f (BO)+3@). x % y=3x)+ p(»).
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Essential concepts involved in the Partition Representation of Matroids

General Distributivity of Quasigroups

The general distributive law x x (yoz)=(x o p)*(x ¢ z), x, ¥,z € O, has not been
solved completely for arbitrary quasigroups, cf. [1,2,24]. It is not a balanced equation,
see [41]. Obviously, when five quasigroup operations ., o, 0, * and ¢ solve the equation
then also the following five quasigroup operations:

Yoz =0 '(f(y)o 1)),
X® Y= $(ox) ¥ A(»)), x@y=F (@x)afy)),
x® y=¢(p) «7(»)  x@z=7"'(ax) ¢ 1)),
constructed by use of arbitrary seven permutations o, f3, 7, &, B,}? and ¢ solve the equa-

tion, as well. The two quintuples of operations will be termed equivalent.

Proposition 3.5. Let O be a finite set of cardinality d =2. There is a bijective corre-
spondence between the equivalence classes of the solutions (x,o,0,*,¢) of the gen-
eral distributive law, consisting of quintuples of quasigroups on Q, and the p-isotopy
classes of degree d of the matroid P; from Fig. 5 left.
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Essential concepts involved in the Partition Representation of Matroids
Non-p-representable matroids

Proposition 4.1. The two matroids of rank three from Fig. 7 are not p-representable.

L A

Fig. 7. Two examples of non-p-representable matroids.

Proposition 4.2. The two nonDesargues matroids (on ten element sets) of the ranks
three and four are both non-p-representable.

Fig. 9. NonDesargues matroids are non-p-representable.
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Essential concepts involved in the Partition Representation of Matroids
Non-p-representable matroids

Proposition 4.3. The matroid L, is p-representable if and only if n is prime. In this

case every p-representation of L, is p-isotopic to the one given in Fig. 10 right where
the addition is in the group 7I',m=>1.

Fig. 10. P-representation of L, n prime.
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