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Partition representable matroids - Analysis of paper:   
Matroid representations by Partitions by Frantisek Matus  

General Objective of the Paper:  
 
The aim of this work is to examine partition (p-) representations of matroids along 
the traditional lines of linear and algebraic representation theories. 
 

Principal Results:  
 

p-representations of a matroid are closely related to the solutions of a system of generalized 
quasigroup equations associated to the matroid. 
 
Classify completely the p-representations of a few small matroids and  relate them to some 
classical generalized quasigroup equations. 
 
New examples of non-p-representable matroids are found and an infinite set of excluded 
minors for the class of p-representable matroids is constructed. 
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Representable Matroids: 
 
 
 
 
Linear  Matroid:   
 
 
 
 
 
 
 
Regular  Matroids:   
 
 
 
 
 
 
Uniform Matroids:    
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Partition  Matroids:  
 
 
 
 
 
 
 
 
 
 
Transversal  Matroids:   
 
 
 
 
Graphic  Matroids:  
 
 
 
Gammoids:   
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Algebraic  Matroids:  

The Shannon entropies of all subvectors of a random vector are considered for the coordinates of an entropic 
point in a Euclidean space. The entropic points in a space define an entropic region. The problem to describe the 
region will be reviewed and connections to the matroid theory discussed.  
 
Two classes of matroids are closely related:  
 
Partition representable and asymptotically entropic. A matroid is Partition Representable if its rank function is a 
multiple of an entropic point. A matroid is Asymptotically Entropic if its rank function is in the closure of the 
entropic region.  

Matroids of  Entropic  Regions:  



Regular   Matroids 

Linear  Matroids 

F-linear matroids 
Graphical 
matroids 

Oriented Matroids 

Algebraic Matroids ,  
( including  Fano & Non Fano matroids)  

Transversal  matroids 

Uniform 
matroids 

Partition matroids 

Polymatroids 

Non representable Matroids 
( Vamos family,  Non desargues Matroids)   

Matroids 

Strongly Probabilistically representable matroids 
( including  P-representable matroids)  

Submatroids 
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Non Representable Matroids: 
 

The first matroid that was known to be not representable was the Vamos Matroid,  this structure define an entire family 
of   Non representable matroids.   In 2009 the research team of   Information Security Lab, College of Computer Science 
& Technology, Huazhong University of Science and Technology, Wuhan, China,  leaded by  Chingfang Hsu  and  Qi 
Cheng  have  shown,  based on discretization of the  Vamos matroids  family,   that there is a way to generalize a 
sufficient condition  for not representability of matroids. 
 
 



Partition representable matroids - Analysis of paper:   
Matroid representations by Partitions by Frantisek Matus  

Adaptive Signal Processing and Information Theory Research Group 

Drexel University , Philadelphia ,  Pennsylvania, summer 2013  

 

http://www.google.com/url?sa=i&rct=j&q=drexel+university&source=images&cd=&cad=rja&docid=-EssMTHvuKdcMM&tbnid=fgFPvDLmrjqsYM:&ved=0CAUQjRw&url=http://www.parchment.com/c/college/college-400-Drexel-University.html&ei=-1_9UbPzJbjH4APdkIGYBg&bvm=bv.50165853,d.dmg&psig=AFQjCNG501C26MCQ6aY256jNcnmCmKrJJA&ust=1375646030591564


Partition representable matroids - Analysis of paper:   
Matroid representations by Partitions by Frantisek Matus  

Adaptive Signal Processing and Information Theory Research Group 

Drexel University , Philadelphia ,  Pennsylvania, summer 2013  

 

Extension of this method to determine Representability  using  Secret Sharing schemes in general :   
 
Definition of an Ideal Secrete Scheme from a representable matroid,  general  procedure: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Discretization of the  Ideal Sharing scheme via Partition  of disjoint subsets:   

 
 
 
 



Construction of a discrete Polymatroid from  the  Partitioned scheme ,  in the most general case. 
 
 
 
 
 
 
 
 
 
 
 
Definition of  needed operators on the vector spaces :  
 
 
 
 
 
 
 
Conceptualization of the  Discrete Polymatroid:  
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A relation between multipartite matroids and discrete polymatroids emerge directly from the axioms 
of independent sets and can be expressed by the following proposition:  
 
 
 
 
 
 
The bases of the Polymatroid are defined as:  
 
 
 
 
 
 
 
While its rank function is given by:   
 
 
 
Properties of its rank function are:  
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Characterization of the Polymatroid using its rank function: 
 
 
 
 
Definition of representability of Matroid based on its rank function: 
 
 
 
 
 
 
 
 
 
Criteria of Representability of the Secret Shared scheme  Matroid based in the associated discrete polymatroid built through partitions: 
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Generalizacions of Matroids  (  Supermatroids and  Convex Geometries) 
Dunstan, Ingleton, and Welsh introduced the concept of a supermatroid in 1972 as a generalization of the concept of an 
ordinary matroid and integral polymatroid. 
 
Distributive supermatroids or poset matroids are supermatroids  defined on distributive lattices or sets of order ideals of 
partially ordered sets (posets).   
 
Cg Matroids have been defined and worked by a research team of the Kyoto University – Research Institute of Mathematical 
Sciences and the  Central Institute of Economics and Mathematics of the Russian Academy of sciences since 2006.   
 
The concept of a distributive supermatroid (or a poset matroid) can be generalized by considering  a convex geometry, instead 
of a poset, as the underlying combinatorial structure  on which we define a matroidal structure, which we call a cg-matroid. 
 
Characterizations of cg-matroids is done by means of the  exchange property for bases and the augmentation property for 
independent sets. 
 
Strict cg-matroids will turn out to be exactly cg-matroids that are also supermatroids. In other words, strict cg-matroids are 
exactly supermatroids defined on the lattices of closed sets of convex geometries. 
 
Closure Space:  
 
 
 
 
 
 
Posets:   
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A (non-strict) partial order is a binary relation "≤" over a set P which is antysymmetric, transitive, and reflexive, i.e., for 
all a, b, and c in P, we have that:        a ≤ a (reflexivity) for all a in P;    if a ≤ b and b ≤ a then a = b (antisymmetry); 
                                                                                           if a ≤ b and b ≤ c then a ≤ c (transitivity).     
In other words, a partial order is an antisymmetric preorder. 
A set with a partial order is called a partially ordered set (also called a poset 
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SuperMatroids: 
 
 
 
 
 
Convex Geometry:  
 
 
 
 
 
 
 
 
 
 
Closure Operator:  
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Graded lattices Operations: 
 
 
 
 
 
 
Convex Geometry Matroids:   
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Formal definition: Partition Representable Matroid 

Alternative Names:   Secret Sharing Schemes and Almost Affine Codes 

 Meet Partitions of P-representation are Uniform: 
A partition with all blocks having the same number of elements will be termed uniform. All meet-
partitions  of a p-representation  are uniform:         
 
All blocks of ξI have the cardinality d r(N)−r(I )     ;  especially, ; ξф   has only one block being the whole 
set  and ξN   N has d r(N) blocks being  the singletons of Ω. 



Ω 

Ω 

Ω 

Ω 

Ω 

ξі 

ξі 

ξі 

ξі 

ξі 

d=0 

d=1 

d=2 

d=3 

d=4 

Ω ξі d=6 

Uniform partitions 

Meet partitions i  

or 

or 

ξі 

ξі 

ξі 

ξі 

ξі 

ξі 

𝜉𝐼 = ξі

𝑑=1

𝑖∈𝐼

 

𝜉𝐼 = ξі

𝑑=2

𝑖∈𝐼

 

𝜉𝐼 = ξі

𝑑=3

𝑖∈𝐼
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Motivation of  the concept in  Matroid Theory:  

Other  Research fields that  have found the same concept:  
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Formal definitions:                     Partitions are Random Variables 
 
Suppose  that                                 is a system  of partitions of a  finite set        and p  is a nonnegative   
function on        summing to one.     Equivalently,  we will say that ξ is a  system of random variables. 
 
 
                     can be considered as a Set Algebra  with Probability space    
 
Where the  Shannon entropy  is defined as:    
 
And the Probability of the block A from         is given by :      
 
      is the entropy function of ξ. 
 
              is known to be a  Polymatroid.  
 



What is the meaning that the                       must be a set algebra?  That they must   obey the following properties: 
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Probability space  of the Partitions:    
At the same time the                         constitute a Probability space:  
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Given this partition,   if                              for                 then 
 
We say     

Every strong probabilistic  representation                                         of a connected matroid with 
rank at least two  has associated  a  unique integer number d≥2  such that  p(A) = d−r(I ) , 
     
 
A matroid is partition representable if and only if it is strongly probabilistically 
representable and that there are only trivial differences between partition 
representations and probabilistic representations.  
 

Strongly probabilistically representable Matroids 
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Semimatroids (Formal definition) 
 
 
 
 
 
 
The family         defined in this way is called Semimatroid.  

Probabilistically representable  Semimatroids: 
 
 
  

A necessary and sufficient condition for this is 
if i = j this means  a functional  dependence. 
 
Thus, a semimatroid |[g]| is probabilistically representable if and   only  if |[g]| = |[h ξ]| for some ξ   
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Weakly probabilistically representable Matroids: 
 
 
 
 
 
 
   
Secret-sharing schemes 



Adaptive Signal Processing and Information Theory Research Group 

Drexel University , Philadelphia ,  Pennsylvania, summer 2013  

 

Partition representable matroids - Analysis of paper:   
Matroid representations by Partitions by Frantisek Matus  

Perfect secret-sharing scheme  

Ideal secret-sharing scheme  

Thus an ideal secret-sharing  scheme is one of the strong probabilistic  representations  of a 
connected  matroid and, omitting trivial situations, it is a partition representation of a  connected 
matroid.  In the reverse direction,  all strong probabilistic  representations give rise in a 
straightforward   manner to ideal secret-sharing schemes. 
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Duality 
 
It is interesting to ask whether the dual of a p-representable matroid is p-representable? 
 
There is a natural  extension  of the matroid duality to the class of semimatroids containing only 
the triples (i; j|K ) with i /= j, see [33].  
 
In [34] an example of a probabilistically  representable semimatroid  having the probabilistically  
nonrepresentable dual was found. Second, the p-representations of a matroid  can have  
different structure than the p-representations of its dual. 
 
For duality in perfect secret-sharing schemes see [21] and for duality in almost affine 
codes [40]. 
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Comparing matroid representations 
 

Linearly representable Matroids: 
 
Linearly (l-) representable matroids are p-representable. If a matroid (N; r) is l-representable 
over a field then it is l-representable  also over a finite field of sufficiently high cardinality d, that 
is,  there are linear functionals xi , i ∈ N , on a linear space E of the dimension r(N ) over the   
finite field such that r(I ) is  the rank of the hull of (xi )i ∈ I , I ⊂ N .       
 
Blocks of a  partition                      are then taken as the shifts of the null-space of the functional 
               and it is almost straightforward that the system of partitions                        is 
a p-representation of the matroid (N; r) of degree d.       
 
Multilinearly representable Matroid:  
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Obviously, ml-representable matroids are p-representable.  The problem whether there exists a p-
representable non-ml-representable matroid, remains open. 
 
To solve, it would suffice to find a p-representable   matroid such that its rank  function does not 
satisfy the Ingleton inequality.   This inequality  is a necessary condition for a matroid to be ml-
representable but entropy functions do  exist violating it 
 
An algebraically (a-) representable matroid need not be p-representable. A natural question is whether 
a p-representable and  non-a-representable matroid exists. 
 
Any minor of a matroid having a p-representation of some degree d is p-representable of the same 
degree d, [33,40]. 
 
A matroid is  p-representable of degree two and three if and only if it is binary and ternary, 
respectively,  see [33,5]. Even more, all its p-representations are p-isotopic to l-representations, 
[40].   
 
Since the matroids                     nonprime are non-p-representable  and all their proper minors are l-
representable,   see [26,10], they are forbidden minors for the  p-representability.  Hence,  the class of 
p-representable  matroids has an infinite number of forbidden minors. 
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The p-characteristic set of a  matroid 
 

It is the set of all integers     such that the  matroid has  a  p-representation of degree d, cf. [20,23,18,38].   
A natural question  is which  subsets  of {2; 3; 4;:: :}  are the p-characteristic   sets of matroids.  We want 
to  remark that the p-characteristic  sets are multiplication closed. 
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Essential concepts involved in the Partition Representaiton of Matroids 
 
Coordinate Projection: 
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Essential concepts involved in the Partition Representaiton of Matroids 
 
 
Parastrophic quasigroups mappings:    
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Essential concepts involved in the Partition Representation of Matroids 
 
C-Quasigroup:   
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Latin Partitions ( Level partitions of Quasigroups)   
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Matroid Quasigroup Equations 
 
 
 
 
 
 
 
 
 
The unknowns in these equations  are quasigroups (functions) which after substitutions  of their  
arguments  satisfy ordinary quasigroup equations. 
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Simulateneously  Isotopic family of C-quasigroups of a Matroid:  
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Necessary and sufficient condition for a Matroid to be P-representable 
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