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Marcel Wild Analytic Enumeration of Isomorphic classes of binary linear codes 

Outline of Presentation 

 Enumeration is possible since matrix representability is unique (Brilawky-Lucas 

theorem). 

• Highest lower bound and Least upper bound of number of the isomorphic 

classes.

• Analytic enumeration of isomorphic classes through counting of orbit counting 

Theorem.

• Defining the suitable double group action required to apply the orbit counting 

Theorem. 

• Rearranging the finite set in a format suitable for the ulterior simplification of 

the computation of the average of fix points.

• Averaging the fix points using conjugacy classes of 𝑆𝑛 and GLn(F) to simplify 

computations.

• Fix points of the conjugacy classes induced by 𝑆𝑛 (Polya Permutations cycle 

index ). 

• Fix points of the conjugacy classes induced by GLn(F) ( Decomposition of linear 

Transformations & Canonical form Theory).



Row, Projective and Geometric equivalence among matrix representations 



Projective equivalence in between matrix representations



Number of distinct matrix representations under Projective equivalence 



Number of matrices and equivalence classes under row equivalence 



A closure operator on a set S 

S

(cl is extensive)

(cl is increasing)

(cl is idempotent)

(E,c) is called closure space. 

(Preservation of Nullary Union)

Kuratowski axioms

Closure operator



Closure as a generalization of span concept

Closure characterization of  a matroid

This property is called Steinitz Exchange Axiom. 

ai1

ai2

ai3

aj3
aj4

aj5

aj6
aj7

aj8
Span (X)= Span ( ai1, ai2, ai3) = R3

Span ( aj1,aj2,aj3,aj4,…aj8)= R3

Closure operator generalize  the idea of span



Isomorphisms in between column vectors of matrices

a1 a2 a3
b1 b2 b3A



span(  a1 a2 a3 a4 )  =         a1 a2 a3 a4 =    (  1 3 )  ( 2  4) =     span (a3 a4 a1 a2 )

a3 a4 a1 a2

Equivalence relation in between row subspaces of GF(2)n
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Bounding the number of Isomorphic classes of binary r rank matroids on n 
elements  ( Asymptotic expression  found by Wild) 



The Gaussian binomial coefficients and the bounds 



K dimensional vector subspaces on a n dimensional vector space over F



Bounding the number of Isomorphic classes of binary r rank matroids on n elements
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Cauchy-Frobenius Counting theorem also called Burnside Lemma



Definition:  The transversal of orbits

Transversal of orbits and the partition determined by a group action of a finite set.  



An Action of a group in a finite set equivalent to a permutation representation of the set. 



Stabilizers and Fixed points

Relationship fixed points and Stabilizers
( Frobenius-Cauchy- Polya)  

Burnside Lemma



Natural bijection between  Orbits  and  Cosets of Stabilizers 



Standard Quotient Theorem:

The standard quotient bijection in between orbits and cosets of the Stabilizer



Lagrange Theorem:



Orbit-Stabilizer Theorem

( Frobenius-Cauchy- Polya) from standard quotient theorem to Orbit Stabilizer theorem   
Burnside Lemma



Orbit-Stabilizer Theorem

Proof Cauchy Frobenius Lemma 
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Number of orbits equals the average of fix points 



Non singular matrix 

That represents a group which action is  equivalent to 

all elementary row  Operations ( change of basis)

Permutation group that change the order 

of the columns , moving columns with their

Respective labels.

Defining groups involved in the enumeration of the isomorphic 
classes of  of binary r rank matroids on n elements



The general linear group of degree n through elementary matrices – the set 

Set :   n×n invertible matrices, 

Operation:  Ordinary matrix multiplication. 

It is a group since:

•Product of two invertible matrices is again invertible, 

•Inverse of an invertible matrix is invertible.

•Neutral element is the identity matrix. 



The general linear group of degree n through elementary matrices – the binary operation

The elementary matrices generate the general linear group of invertible matrices. 

Left multiplication (pre-multiplication) by an elementary matrix represents elementary 

row operations, 

Right multiplication (post-multiplication) represents elementary column operations.



Permutations:

Rearranging, members of a set into a particular sequence or order

Example, 

Set {1,2,3}:      (1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), and (3,2,1).

The number of permutations of n distinct objects is n!

Cauchy's two-line notation:

Cycle notation:    It expresses the permutation as a product of cycles 

corresponding to the orbits of the permutation

An orbit of size 1 is called a fixed point of the permutation.

Permutations notations and fixed points 



Symmetric group of S, Sym(S)

Set:     all permutations of any given set S , 

Operation  :  Composition of maps (product) 

Neutral element:  Identity function .

Example, 

(1,2,3), (1,2,3), (1,2,3), (1,2,3), (1,2,3), (1,2,3),

(1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), (3,2,1).

(1,2,3)

(1,3,2)

(3,2,1)

(1,2,3)

(3,2,1)

The subgroup of all permutations for a given set 



X

G

x1

x2

x3

xn

Left group action over a finite set 



X

G

x1

x2

x3

xn

Right group action over a finite set 



X

G G

x1

x2

x3

xn

Equivalence in between Left group action and Right group action on a finite set



𝑥1

𝑔2.
𝑥1 =

𝑔4.
𝑥1 =

𝑔3.
𝑥1 𝑔𝑛.

𝑥1𝑥𝑛

𝑥2

𝑥3

𝑥4

𝐺(𝑥1)

𝑥

𝑦

𝐺(𝑥)

𝐺(𝑦)

Equivalence classes determined by orbits of a group in a finite set 



𝑥2
𝑔2𝑥1𝑔1𝑥1 𝑔3𝑥1 𝑔4𝑥1

𝑥3

𝑥4

𝑥𝑗

𝑔1𝑥 𝑈 𝑔2𝑥 𝑈…𝑈 𝑔𝑛𝑥 = 𝐺. 𝑥 𝑜𝑟 𝐺(𝑥)

Elements of G acting on an elements  of a finite set X

{                     }



A group acting on a finite set determines a partition on it.

𝑥1 𝑥2 𝑥3 𝑥𝑛 𝑋

𝐺𝑥2𝐺𝑥1 𝐺𝑥3 𝐺𝑥𝑛



…..

𝑥𝑘 …

𝐺𝑥1 𝑈… . . 𝐺𝑥𝑘 𝑈 … . 𝑈 𝐺𝑥𝑛 = 𝐺\\X

…..

…..

…..

…..

…..

𝑥1 …. 𝑥𝑛

The orbit space or quotient of the action of a group over a finite set 

{                     }

{                                   }

𝑥11

𝑥12

𝑥13

𝑥14

𝑥𝑘1 𝑥𝑛1

𝑥𝑘2

𝑥𝑘3

𝑥𝑘4

𝑥𝑛2

𝑥𝑛3

𝑥𝑛4
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Reduction of  the complexity of the counting operation by working with maps representation 

instead of matrix one.



Reduction of enumerating cost by using only one Composed  Group Operator 



Burnside lemma expression adapted to the rearrangement of the data in the 
Finite set and the  Composed  Group Operator already designed  
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Averaging the points on the matrices in Y fixed under the action of the linear group  Hx

and 
The points fixed on the row permutations of  X   under the action of the permutation 

symmetric subgroup  G  

through 

the product of  the  fix points induced by  canonical representatives 
of equivalences classes of elements of the two groups 

determined 
by 

Conjugacy 

with

The Cardinalities of the Sets of all  such equivalence classes  
in 

groups  G and in H  

Simplifying the averaging of fix points by using Conjugacy classes of representatives 



Burnside lemma expression readapted for conjugacy classes of matrices and permutations. 



Considering Conjugacy classes and number of points fixed by representatives of them.  



Conjugacy Classes of The Product of Two Groups

Theorem: 

Let 𝐺 and  H be groups which have the sets of conjugacy classes  CG and CH respectively. 

Then, if C𝐺 × 𝐻 denotes the set of conjugacy classes of   𝐺 × 𝐻 then

C𝐺 × 𝐻={A × 𝐵 ∶ 𝐴 ∈ CG  and𝐵 ∈ CH }
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Hence,  the number of permutations  in 

the conjugacy class described 

by the ci    ’s is

|C𝜆|=

The denominator is often called zλ

(for partitions of cycle type λ) 

when dealing with

symmetric  functions.

The Size of a conjugacy class in the symmetric group

Cardinality of the conjugacy classes of the Permutation group 



Counting the total number of  Conjugacy Classes from  the group of Permutations and their 
Partitions



Conjugation preserves cycle type,

Therefore by

specifying a cycle type, 

That is equivalent to specify a partition of n, 

we fully  specify a

conjugacy class in Sn
.

The Size of a conjugacy class in the symmetric group



Decomposition of a Permutation to the direct sum of cyclic Permutations



The cycle Index for permutations. 



Marcel Wild Analytic Enumeration of Isomorphic classes of binary linear codes 

Outline of Presentation 

• Enumeration is possible since matrix representability is unique (Brilawky-Lucas 

theorem). 

• Highest lower bound and Least upper bound of number of the isomorphic 

classes.

• Analytic enumeration of isomorphic classes through counting of orbit counting 

Theorem.

• Defining the suitable double group action required to apply the orbit counting 

Theorem. 

• Rearranging the finite set in a format suitable for the ulterior simplification of 

the computation of the average of fix points.

• Averaging the fix points using conjugacy classes of 𝑆𝑛 and GLn(F) to simplify 

computations.

• Fix points of the conjugacy classes induced by 𝑆𝑛 (Polya Permutations cycle 

index ). 

 Fix points of the conjugacy classes induced by GLn(F) ( Decomposition of linear 

Transformations & Canonical form Theory).



Conjugacy classes of the products of elementary matrices from the linear group that 
perform row operations for the change of basis



Index of Common number of Fixed points in a Conjugacy class

of products of Elementary Matrices,

Relationship among Fixed points vs Eigenvectors



How many polynomials are needed to represent the Conjugacy class 

of Products of Elementary Matrices ?



Cycle Structure of Linear Transformations over Finite fields 

Theory of Rational canonical form

Permutation cycle 

decomposition
Linear transformation 

cycle decomposition

Type of Permutation Type of Automorphism

Permutation Cycle 

Polya Index

Vector Space Cycle 

Index

Partition induced by Permutations

Average of points 
Fixed by both  

sym and Linear groups

Partition induced by Linear 

Automorphisms

Points 

Fixed by canonical 

representative

of  the 

sym group

Points 

Fixed by canonical 

representative

of  the 

Exponential Linear group



Decomposition of an Automorphism in to the direct sum of cyclic automorphisms



The type of automorphism used to express number of points fixed 
by a canonical automorphism in terms of the vector space cycle index. 


