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Conditional Independence relations from
subsets of a Finite set.
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Forbidden minors of P-representability

Couples of elements out of
a subset of a Finite set.

Let N be a finite set,
letl,/,K © N, i,j,k € N (its singletons)
S (N)the family of all

(,jl1K)=(a=ib=j|K)st

{(ij |K), KS N, i,j € N-K}

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Classification of couples of elements
out of
a subset of a Finite set.

G(N) : are all the (ij |K), where i = j

R(N) : are all the (ij |K), where i # j

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Forbidden minors of P-representability

Local relations on afinite set N

R(N) are all the (ij |K), where i # j

RN

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers °
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Global relations on a finite set N

J(N) are all the (I] |K), wherel,],K c N,

J(N)

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers !




Forbidden minors of P-representability

Global Conditional Independent relations on a finite set N

J(N) are all the (I] |K),wherel,/,K c N, s.t.INJNK =0

J(N)

(),

1
. @«w g

)

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Forbidden minors of P-representability

Example: Cl relations on a finite set N
Let N={n,,n,, n;, n,}
Then its index set is [y={1,2,3,4}

PIN)={{n},{n,}, {n3}, {ny}, {ny, ni b {ny, ny}, {ny, ng} {ng, ny}, {ny, nH{ny, ns}, {ny, ny}

, ANz, N3}, {3, 1y}, {ng, 1y}, 1{ng, o, ns}, {ng, ng, nyl{ng, ny, nyl, {ng, ng, nyl, {ng, ny, ng, ny b}

S(N)={ ForK;=n,:2,3|1; 2,4|1; 3,4|1; 2,2|1; 3,3|1; 4,4|1
For K,=n,:1,3|2; 1,4|2; 3,4|2; 3,3|2; 1,1|2; 4,4|2
For K;=n,:1,2|3; 1,4|3; 2,4|3; 1,1|3; 2,2|3; 4,4|3;
For K,=n, :1,2|4; 1,3|4; 2,3|4; 1,1|4; 2,2|4; 3,3|4; }

Q(N)={ ForK,=n,:2,2|1; 3,3|1; 4,4|1
For K,=n,: 3,3|2; 1,1|2; 4,4|2
For Ky=n4: 1,1|3; 2,2|3; 4,4|3;
For K,=n,:1,1|4; 2,2|4; 3,3|4; }

R(N)={ For K,=n,:2,3|1; 2,4|1; 3,4|1;
For K,=n, :1,3|2; 1,4|2; 3,4|2

For K;=n5:1,2|3; 1,4|3; 2,4|3;

For K,=n, :1,2|4; 1,3|4; 2,3|4;}

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Forbidden minors of P-representability

Example: Cl relations on a finite set N
Let N={n,,n,, n;, n,}
PIN={(, (n}, (0.}, {n3), (ng}, (ny, n (g, mp}, (g, nad, {ng, gl (g, np} g, nal, {ng, ny}

s {33} {ng, nygd, {ny, ny, L{ng, ny, nsh, {ng, ng, ngd{ng, ny, ny}, {ny, ng, ny}, {ng, ny, ng, ny }}

J(N)={ For K;=n,:2,3|1; 2,4|1; 3,4|1; 2,2|1; 3,3|1; 4,4|1
For K,=n,:1,3|2; 1,4|2; 3,4|2;
For K;=n,:1,2|3; 1,4|3; 2,4|3;
For K,=n, :1,2|4; 1,3|4; 2,3|4;
For Ky,=n,,ny: (3L{4}1{1,2); (L{4H{L2} B}OI(1.25 (34128
For Ky3=ny, ns: {2}1,{4}1{1,3}; {}.{2,4}I{1,3}; (}.{4}1{1,3}; (},{2}|{1.3};
For Ky ,=ny, n,: {13,{3}1{1,4}; (3.{1,3}{1,4}; 3.{1}{1,4}; (}.{3}|{14};
For Kg=ny, n5: {1},{4}1{2,3}; },{1,4}1{2,3}; (}.{1}1{2,3}; (},{4}1{2,3};
For Kyy=n,, ny {1,{3}1{2.4}; (L{L3}{24} L0124} G3H{24%
For Kay=n,, n {11{2}1{3.4}; (L{1L21{3.4} BALIB3.4% GA2}{34%
For Kyp3=ny,n,,n3: {},{4}1{1,2,3};
For K;3,=n,,n3,ny: {3,{2}|{1,3,4};
For Kyp,=ny,n,,ny: {3,{3}{1,2,4};
For K,3,=n,,n3, ny: {3,{1}{2,3,4};
For Ky ={}: 1,3|{}; 1L4[{}; 3,41{}; 1.2|{}; L.4|{}; 2,4[{}; 1.21{}; 1.3|{}; 2,3|{};
{8L{43{: 2L{4H
AL
{13}4{2,43|{} {3,41{1.2}I{} {1,4}{2,3}{}; {1,2,4}.{3}{}; {4}.{1,2,3}{}; {1,3,4}.{2}{}; {1}1.{2,3,4}I{}; }

Where in each of this triplets a, b|c stands for &, ¢,|<.
And {} for &,

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Probability distribution of Random variables
Of Matroids expressed in Conditional independence
Form

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Random variables for Conditional independence
representation of Matroids

Random variables representing matroids
in their conditional independence
form are uniformly distributed.

This shifts the problem of probabilistically representable matroids
towards lattice theory, relating it with linear
and algebraic matroid representations.

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Conditional independence structures and Matroid Theory

Quasi uniform distributed R.V. Systems and subsystems
Indexed By a finite set N.
N ={n,n,, .., i,..,ny}

Let & =(¢;), . ybe a system of r.v. indexed by N
¢ =(&); c k» KS N are its subsystems
¢y IS a constant
¢, take finite number of values

i

E1,with pr=1/p’ fﬁ "o " (H
=1",with pr=1/p alm,with pr=1/p

€k= < n

=< 0 with pr=1/m’ =
fl i O pr /m 52 | 0 ,with pr=1/m

0 ,with pr=1/m"

En’ ,with pr=1/q' _
\ p /q L‘:nl’ rnr

,with pr=1/q"” \Enm,with pr=1/q

m+..+p..+q =1 m’+..+p”..+q" =n” m”’+..+p”’'+..q" =n"”

ASCENDING AND DESCENDING CONDITIONAL INDEPENDENCE RELATIONS, Frantisek Matus, Transactions of the Eleventh
Prague Conference on Inform. Theory, Stat. Dec. Functions and Random Proc. ACADEMIA, Prague 1992, Vol 189-200, |




Conditional independence structures and Matroid Theory

Systems and subsystems of R.V. indexed

§=(¢); c y @aSystem of r.v.

By a finite set N.

$r=(&); c k» K€ N its subsystems
¢y a constant

¢; take finite values

If we ignore just the zero values of the r.v.s we have:

$1=

E1,with pr=1/n’
Ei, with pr=1/n’

En’ ,with pr=1/n’

$2= 9

E1" with pr=1/n"

Ei" ,with pr=1/n"

\En",with pr=1/n"

S

f

Ellll,with pr=1/n’

!

El.m,with pr=1/n

\Enm,with pr=1/n

14

12

"

ASCENDING AND DESCENDING CONDITIONAL INDEPENDENCE RELATIONS, Frantisek Matus, Transactions of the Eleventh
Prague Conference on Inform. Theory, Stat. Dec. Functions and Random Proc. ACADEMIA, Prague 1992, Vol 189-200,




Conditional independence structures and Matroid Theory

Conditional Independence in
Between r.v. indexed by sets

stIL]|K,

I,J, Kc N =1,], K€ PN)
stands for

¢,is conditionally independent

of &, given &y

Pr(§; =%,;n f] = E]|€K = Eg)
= Pr(f[ = EI’ 5] = E]lgl( — EK):
Pr($; = £/$x = Eg) Pr(f] = E]|€K = Zg)

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Conditional independence

The following two equivalences are valid for any
¢andl,/,K,L c N
ETL]| K& JLIK

Pr($; ¢;I$k)= Pr($;lSx). Pr(&ISk)=Pr(s; 0 &lSx)=Pr($; &l<k)

In simplified notation:

ETLJK| L & 1L1L]|KLand &1 LK | L
In simplified notation:

Pr(¢,¢ kl$L)=Pr(§I<,). Pr($ixls,); Pr($is ISk )= Pr($ |$,). Pr($;ISx.L);
Pr($$xls,)=Pr(§;I<,L)- Pri$yls,);

J. Appl. Prob, 29, 745-749, 1992, ON EQUIVALENCE OF MARKOV PROPERTIES OVER UNDIRECTED GRAPHS F. Matus




Forbidden minors of P-representability

Conditional mutual Information

Let N be a finte set which
Elements index a system of r.v.s &€ =(&,); . v

ForsetsI,/,K c N

We have subsystems of r. v. s
$1=($); el?f]=(€i)i e];sz(fi)i €K
s.t. they attain values that
are approximately uniformly distributed
and can be enumerated with
The indices corresponding each of these sets

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Conditional mutual Information

Let N={n,,n,,...,ny }bea finite set
1,2,....,N
Is the index associated with its elements
Consider its subsets’ indices
1={1,2,3,..., n}
J=n"+1=1",...,n"
K=(n"+1=1",...,N=n"

I,J, Kc N =1,], K€ P(N)

We define r.v. with the same names

s.t.
&,={E, with pr=1/n'}

¢~{g,, with pr=1/n"}

&={E, with pr=1/n""}

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Forbidden minors of P-representability

Description of Stochastic Conditional Independence
Among Subsystems of
r.v.s
By Shannon Entropy

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Conditional mutual Information

Forl,/,K c N
Denote h(I), h(J), h(K) a function on
These subsets
We define Ah(l,]| K) =h(IK) + h(JK) — h(IJK) — h(K)
=h(lUK)+h(JUK)—-h(IUJUK) — h(K)
For any function h on #(N)

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Class of functions (V)

a real valued function h on g(N)
We say h € H#(N) if
is locally non decreasing iff A h(i, i| K) =0
(Li|K) € GQ(N).
h(iuK)—h(K) =0
It is locally semi-modular iff A h(i, j| K) =0
(Lj1K) € R(N).
h(iUK)+h(GUK)—h(iUjUK)—-h(K) =0
If also h is Normalized iff h(®) =0
Then h is also globally non decreasing
Iff Ah(l,I| K) =>0; I,Kc N
h(IUK)—h(K) =0
and globally semi-modular
Iff Ah(l,]| K) =0; I,], Kc N, disjoint
h(lUK)+h(JUK)—h(IUJUK)—h(K) =0

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Forbidden minors of P-representability

Entropy Balance Rule

ForI c N
Let us denote h, be the Shannon entropy function of
The system ¢,
Thené: I L] | K
Pr($; §;1<x)=Pr($|<k). Pr$;[$k)

Pr($; = E §; = &[$k=Ex)=Pr(&; = E/|Sx=Eg). Pr(§; = &/[$x= Eg)
Iff
We define Ah.(I,]| K)=0
I,J,KcN

he(IUK)+h:(JUK) —h(IUJUK) — he(K) =0

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Conditional independence structures and Matroid Theory

Couples of elements outside of
subsets of a Finite set characterize
All Local conditional independence structures on it.

Given h € #/ /) we are mainly interested in the local
relations
[h]:{(if |K) € S(N): A h(i,j| K) =0}
i.e.
h{iUK) + h({3VUK) - h({i} U {3 UK) — h(K) =0
The entropy balance rule implies
[he)= [€]
The couplesd(N) are enough to capture
All the conditional independences
About subsystems of &

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Conditional independence structures and Matroid Theory

Expressing Entropies of Global Cl relations
In terms of their corresponding
Local Cl structures on them.

Let h € H(N), ifI={iy, ..., i, s =1 ,st.INK=0,LK c N
Then AR(I, 1| K) = X5, ARG il {i, 1o is} UK)
And if
J={j1 o j} € NIUK} v > 1
Then
AR LK) =35 30 ARG il Gy 1o i Uliy perj b UKD

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Probabilistic Conditional independence
via
Globalizing Local Cl relations .

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Globalizing Local conditional Relations .

Given a subset K of a finite set N , its Local CI
relations can be extracted from corresponding
Global Cl relations among subsets of N
w.r.t a set containing K.

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Global Operator for Cl Local relations .

Let Z c S(N);
glL={IJ| K L] Kc N
s.t.
(Viel-K)(Vje]—-K)VL cN)(KcLclJK-ij=1,j| LcX)}

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Forbidden minors of P-representability

Global Operator for Cl Local relations .
Example
Let N={n,, n,,n;,n,}
Then its index set is I,={1,2,3,4}
Let £ ¢ S(N); L={},{4}|{1}, here i ={}j={4},K ={1}
I=3,{} J={{14kL = {1.2} = {}, 4|{1,2} c D)}

glL= U412}

(Viel—K)Vje]—K)VL cM)(KcLc{IUJUK}{}Uu{il=1i,j|Lc
L)}

N

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Forbidden minors of P-representability

Global Clis implied by Local ClI .

For h € #{N) we have that A h(i,j| K) =0
|ff
(]| K) € gllh]
Therefore
ETL]| K
|ff
(I.JI K) € gl[§]

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Global Clis implied by Local ClI .

Lemma;:

véandl,[,Kc N: [&] L]J| K]e (Vie D(Vje)(VL cN)(K c L c
IJK—ij = &i Lj| L)}

ON EQUIVALENCE OF MARKOV PROPERTIES
OVER UNDIRECTED GRAPHS, F. Matus, Int. Inf. Theory and Automation, Praga, J. Appl. Prob. 29: 745-749 (1992)




Forbidden minors of P-representability

Lemma: (PROOF)
The implication = is consequence of the two properties:
1. &11L]| K ©&]JLI| K
2.8 11LJK| L ©é&11L]|KLand &1 LK| L
Toprove & assumel,] = @ If I = {i},] = {j}i,j € K
right hand side givesé: i L j | K ifiorj € K, left hand side holds trivially
proceed by induction on |I| + ||
Using symmetry of [ , ] decompose ] = J, U J,, ], N],=0
By induction from right hand side I L J,| K and I L ]| (J; UK)
An application 2. closes the induction step.
Q.E.D

ON EQUIVALENCE OF MARKOV PROPERTIES
OVER UNDIRECTED GRAPHS, F. Matus, Int. Inf. Theory and Automation, Praga, J. Appl. Prob. 29: 745-749 (1992)
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Matroids as special classes of Cl structures
and
Probabilistic structures as Semi-Matroids

Semimatroids and their Tutte polynomials Federico Ardila
Research Gate 2004




Forbidden minors of P-representability

Semi-Matroids

Arelation Z c $(N) is called Semi-Matroid
|ff
3 a function r € F(N)
s.t. Z=[r]

[r] {(ij |K) € S(N); & iL1j|K}
&(1)L &) [8.(K)

[r] (ij |K) € S(N): Ar(i, j| K) =0}

Ei _ pwith pr=u, - rGo

St

All p-representable relations are
R I N Due to the entropy balance rule
f Semi-matroids

= : .
2y, 0. 5o, withpreug 7%

20
S,

1

. T
i—-1 0 with pr=u, P

3

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Intersection of Semi-Matroids

The intersection of 2 semimatroids L .=[h.], s=1,2
Is the semimatroid £ ; N L ,=[h;+ h,]
then £, N X, c $(N)
|ff
3 a function h;+ h, € #(N)

[hyt hy) {(ik |K) € S(N); Snpenpt TL) IK}

&hi+ n2(D)L Ghivn2() 18h1+ nalK)

i s [h1+ h2]:{(ij |K) € S(N): Ahl+ h2(i,j| K) =0}
é—ri—l 0 with pre, ~ &
g, r(K),,i_l'Wi.t.}.l pr:uf—r(l() [ N
By 0. =N A0, with przuf—r(K)
St

1

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Conditional independence structures and Matroid Theory

Matroids

The relation £ € §(N) is called a matroid
Iff
rE=Max{|J|,] € [, € (J)n L=0} I c N
Is semimodular
and

Q) < (ij |1K),K C ],s.t. i =] T=[r1]

@ Semi-modular refers to a type
» Q.7 of lattice on which 3 semimodular
E, with pr=u, =" )
g function 7% s.t.
I 0 with pr=u -n@ -
S N if / element
i —y =D
5, Hoithpr=u; T element / then
Eﬂ’ 0. Eu;(x)]lwithpr:uf*w(lﬁ) T‘IU) + 1 — TI(I)_
$r

J

ON EQUIVALENCE OF MARKOV PROPERTIES

OVER UNDIRECTED GRAPHS, F. Matus, Int. Inf. Theory and Automation, Praga, J. Appl. Prob. 29: 745-749 (1992)



Conditional independence structures and Matroid Theory

Matroids

The relation Z < $(N) is a matroid
iff
rE=Max{|/|,] € L ()N L=0} Ic N
Is semimodular and Z=[r%]
Proof:

Q) :(ij 1K), K C ] s.t. i =]

The family of independent sets
Y={1 € N,7(I) = I};
¢ Y,

K CLE@;‘:)KEgr

if (K,L€%, IK| < |L|)=3i€ (L —K)s.t.
(iK € Zrand r(I) =Max{|/|,J c [ ] € ¥}
Q. rank functions completely
E, with pr=u, ~ ri) I .
£ L specify Independent sets
I wi r=u = AN . . _
0o th.pm ¢ - N Notice that if I € %> < T ()N [r]=0
g, o IPr = Iff r=7r% and then Z is a matroid.
By 0. E, oywithprou —?
$r

ON EQUIVALENCE OF MARKOV PROPERTIES
OVER UNDIRECTED GRAPHS, F. Matus, Int. Inf. Theory and Automation, Praga, J. Appl. Prob. 29: 745-749 (1992)




Conditional independence structures and Matroid Theory

G - 1K), K 5.t i=]
GUN) :(if 1K), 5.t i =]

= . — ()
E, with pr=u, =%

St

I 0 with pr=u; ~ ™ 2

E rI(I)lWithpI':u{ - T'I(I)

u
3

Matroids

The relation Z < $(N) is a matroid
iff
rE=Max{|/|,] € L ()N L=0} Ic N
Is semimodular and Z=[r%]
Uniqueness of the Matroid:

Is unigue through its dependence part
LN g(I)thatis
Transitive
[i €], (i|K) € L(Vk e K = J)((k[)) e D)]= (i|)) € L
Exchangable
[ GIK) € Q(N)-L ((jK) € L)]= (liK) € L

~. L is a Matroid Iff

ZL is Transitive, Exchangable and
r=rk,

ON EQUIVALENCE OF MARKOV PROPERTIES

OVER UNDIRECTED GRAPHS, F. Matus, Int. Inf. Theory and Automation, Praga, J. Appl. Prob. 29: 745-749 (1992)
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Example:

Let N ={n,,n,, ..., ny}
I,={1,2,...,N} be its index set
Consider indices of its subsets

[,={1,2,3,..,n"}
L={n+1=1"...,n"
ly=n"+1=1",...,N=n"
n',n’n"” € I,

I,J, Kc N =1,], K€ #N)

I}, 1}, I index subsets in () support of §

Define r.v. Indexed by them s.t.
&,={E, with pr=1/n"}

¢~{g,, with pr=1/n" }
& =18, with pr=1/n""}

L
-

where E, E, Ej are sequences of values
Indexed by subsets I

We have a Matroid if there exist

A functionrZ € 4 N)
s.t.

rt=Max{|J|,.Jc L Q. (JINZL=0} Ic N

Is semimodular

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Forbidden minors of P-representability

Example:

Let N ={n,,n,, ..., ny}
I,={1,2,..., N} be its index set
Consider indices of its elements

[,={i} for singleton {n }

[;={j} for singleton {n}
I, ={k} for singleton {n,}
Each i, jor k is just a label

We have a semimatroid if there exist
A function r< € FN)

used to index singletons in the support Q of £ . s.t.
i,j, kc N ={i},{j}, {k} € P(N) 5 .
We define r.v. with the same names [r]:{(ij |K) € S(N): Ar(i, j| K) =0}

s.t.
&.={Z, with pr=1/n'}

¢={E,, with pr=1/n"}

&,={E,, with pr=1/n""}

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Conditional independence structures and Matroid Theory

Matroid expansions of Semimatroids

Let (M,); . y be a family of subsets
Of a finite set M
Let M;=U M; Ic N
Construct for
vV g € #{M), an h € #(N),
By h(I) = g(MI)
Then for ¥V semimatroid £.=[g], we
Construct a semimatroid Z=[h]

By
@ I={ij|K) €I(N): (M, M;| My) € gl K.}
Then g and K. is an expansion of
(s
£, with pr=u, -n@ I h aHdI
é—rl 0 with pl-'"=u§ -n@ N
. owithpru, J(N):all (I] |[K):1,]J,K €N, InNJNK =0

3

ON EQUIVALENCE OF MARKOV PROPERTIES
OVER UNDIRECTED GRAPHS, F. Matus, Int. Inf. Theory and Automation, Praga, J. Appl. Prob. 29: 745-749 (1992)
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Matroid expansions of Semimatroids

Every semimatroid ZZ €J(N)has a matroid expansion
K. on a finite M partitioned intoM, i EN
Proof:

The class #AN) for a subset of R”WVis a
Convex cone.

Since 1. h € #(N) is positive Vh # 0,

The cone is pointed defined by finite
Number of inequalities , and an equality with finite
Number of extreme rays.

Sinceax; + -+ axn <> 0

r, bx;+-++b,x;=0 and a;, bi € Z

= . — ()
E, with pr=u, =%

St

I 0 with pr=u; ~ )

Eu ”(I)lWithpr=u§ - rl(z)

¢ ¢
By 0. E, oywithprou —?

1),
St

J

ON EQUIVALENCE OF MARKOV PROPERTIES

OVER UNDIRECTED GRAPHS, F. Matus, Int. Inf. Theory and Automation, Praga, J. Appl. Prob. 29: 745-749 (1992)



Conditional independence structures and Matroid Theory

Matroid expansions of Semimatroids

Every semimatroid ZZ €J(/N)has a matroid expansion
A_ on a finite M partitionedin toM, i EN
Proof: (Cont.)

3 an integer valued function on every extremal ray
If Z=[h], h € #{N) by Caratheodory Th.
h=) 4ea C,h , conical combination
Of integer valued h, from extreme
Rays of #AN),c, € R *

, [A]= 2" Let Z=[h] =N gealh ]=[Zaea he]

(s
. r
6 E, with pr=u, ~ ri) I
I 0 with pr=u; ~ ™ )
E ”(I)lWithpr=u§ - TI(Z)

K @
= | 0 o) ,(x)lwith pr=u; - 1L
Ty el )

$r

J

ON EQUIVALENCE OF MARKOV PROPERTIES

OVER UNDIRECTED GRAPHS, F. Matus, Int. Inf. Theory and Automation, Praga, J. Appl. Prob. 29: 745-749 (1992)
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Matroid expansions of Semimatroids

Every semimatroid ZZ €J(/N)has a matroid expansion
K. on a finite M partitionedintoM,, i EN

Proof (Cont.) :

Any integer valued h € #(N)

has a matroid expansion
r, I.e, there are finite disjoint M,,
i EN M=), M, for I cN
M, =M, Mi = h(i), i €N, together with
A rank function re ¥{M)
s.t. h(I) =r(M;),I c N
Thus K =[r] is a matroid expansion Z=[h]

= . — ()
E, with pr=u, =%

St

I 0 with pr=u; ~ ™ )

Eu ”(I)lWithpr=u§ - TI(Z)

¢ ¢
By 0. E, oywithprou —?

1),
St

J

ON EQUIVALENCE OF MARKOV PROPERTIES
OVER UNDIRECTED GRAPHS, F. Matus, Int. Inf. Theory and Automation, Praga, J. Appl. Prob. 29: 745-749 (1992)
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Matroid expansions of Semimatroids

Obviously if an expansion L. of a semimatroid
Z,is
p — representable
n :(77j )j e M
Then also L is p — representable

f=(€i)ieN

gizz(nj )j e Mi

Open question:

= with preu, - 1% Qr,I Whether every p-representable semimatroid
& with pr=u, ="
: '] HaS a
é—rl 0 with pl‘:uE — () | |
Jse e N p-representable matroid expansion.
5 apwithpr=u, =~
| ER () IR o, with pr=u, ~

ON EQUIVALENCE OF MARKOV PROPERTIES
OVER UNDIRECTED GRAPHS, F. Matus, Int. Inf. Theory and Automation, Praga, J. Appl. Prob. 29: 745-749 (1992)
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Conditional Relations and Connectedness

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp. 185-
196, 1994, Gordon and Breach Publishers




Forbidden minors of P-representability

Direct sum of Relations of elements couples
Taken out of a Set

The direct sum of two relations
L.c3(N);s=1,2,
L,DL, I
on disjoint ground sets is
the relation Zon N = N, UN,
given by
L={(ijjIK)e S(N);ieN ,j€EN,}
U{(ij 1 K)e S(N);ijeN, (jIKNN,) €L}
U{(ijj I K) €S(N);ij EN, (jIKNN,) €EL,}

r-r.er, Y'K ik i""IK

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp. 185-
196, 1994, Gordon and Breach Publishers




Forbidden minors of P-representability

Direct sum and Connectedness in Semi-matroids

L=L|N, T,=L|N,
ij | K i'i' 1K NN,

If a C.I. relation equates the direct sum of
Two C.I. relations that are basically restrictions
of it in to two disjoint subsets of the original finite set, for some particular
Partition of it, then we say it is a disconnected one, and the
Restrictions to the subsets are its connected components.

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers



Forbidden minors of P-representability

Direct sum and Connectness in Semi-matroids

Hence, L|N, = {(ij|KNN,) € 3(Ns); (ij | K) e L}=L,,
s =1,2,and(N,,N, | Q)€ glL
L=L|N, T,=T|N,
ij 1K '/ 1K NN,

(L is the greatest relation on N with these properties).
If Z . is a matroid with the rank functionr,,s = 1,2, then Lis
the matroid with the rank function r(I)=r, (I N N,) +r,(I N N,), I € N, and our
definition of the direct sum coincides with the standard one.

The direct sum of semimatroids is a semimatroid.

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers



Forbidden minors of P-representability

Disconnected set Relations.

Given relations L [N,,s=1,2,For N; = @or N, = @, then
LINJOLI|N, 2L

I |N1 I |N2
i'j' 1K ij, K o ij 1K i"j" 1K

If this direct sum coincides with Z for a
nontrivial partition then the relation Z is called disconnected.

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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Connected Components of matroids and Semimatroids.

V relation L, 3 a unique partition of N into nonempty blocks N,

s.t.
L=@®ZL|N,t=1,2,..,s,s=1.
LNy LN,

LINy
VK iy VK e i g G VK i VK T TK

connected relations (components)
The connected components of
matroids and semimatroids
are
matroids and semimatroids, respectively.

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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P- representable local and global relations

ASCENDING AND DESCENDING CONDITIONAL INDEPENDENCE RELATIONS, Frantisek Matus, Transactions of the Eleventh
Prague Conference on Inform. Theory, Stat. Dec. Functions and Random Proc. ACADEMIA, Prague 1992, Vol 189-200,




Forbidden minors of P-representability

P-representable C.I. relations

If there exist partitions of a finite set that
Determine global or local C.I. relations on it,
we say that they correspond to random variables
That are partition representable .

ASCENDING AND DESCENDING CONDITIONAL INDEPENDENCE RELATIONS, Frantisek Matus, Transactions of the Eleventh
Prague Conference on Inform. Theory, Stat. Dec. Functions and Random Proc. ACADEMIA, Prague 1992, Vol 189-200,
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P-representable local relations

A local relation r € K (N) is p-representable if
3¢ st r= (€] 1K) € R (N); & i L) K}

s.t.
jIK eriff §L1¢ 18,

(D ny.
5(1)i1 e & & )11

; ) f(l)jk 5(”)]-1 g(")jk
1

ASCENDING AND DESCENDING CONDITIONAL INDEPENDENCE RELATIONS, Frantisek Matus, Transactions of the Eleventh
Prague Conference on Inform. Theory, Stat. Dec. Functions and Random Proc. ACADEMIA, Prague 1992, Vol 189-200,




Conditional independence structures and Matroid Theory

P-representable Global relations

A global relation t € J( N) is p-representable if
3& st t= [E]4(I] |K)E S(N); & 1 L] |K)

|

S.L.
[J1Ket it § 18,8

ASCENDING AND DESCENDING CONDITIONAL INDEPENDENCE RELATIONS, Frantisek Matus, Transactions of the Eleventh
Prague Conference on Inform. Theory, Stat. Dec. Functions and Random Proc. ACADEMIA, Prague 1992, Vol 189-200,




Conditional independence structures and Matroid Theory

7 i

€In20

$1"20

ASCENDING AND DESCENDING CONDITIONAL INDEPENDENCE RELATIONS, Frantisek Matus, Transactions of the Eleventh
Prague Conference on Inform. Theory, Stat. Dec. Functions and Random Proc. ACADEMIA, Prague 1992, Vol 189-200,
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Probability Distributions of r.v.s of
P- representable
local and global CI relations
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Conditional independence structures and Matroid Theory

P —representation of connected Matroids
THEOREM

Let If & =(¢;); . vy be a p —representation of a connected matroid £ with the
rank function r and r(N) =2. Then 3 a unique integer u ; = 2, we shall

§
call it degree of ¢, s.t. V subsystem &, K c N, takes just u/"(€)
Different values with the same probabilities u, = ")

- . = (I) - . = ( )
£, with pr=u,; =" &, with pr=u, ="
0, - - £
§k=9 E,with pr=u, - 0= B, with pr=u; - r(
fi 1 = (., with pr=u, - A0 = w0, with pr=u; - rk) f — j
- u' u' k—1
$i Sk
Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.

185-196, 1994, Gordon and Breach Publishers




Conditional independence structures and Matroid Theory

P —representation of connected Matroids
THEOREM ( Proof)

Let & =(S; ); o y be rv. taking values on a set X,
V outcomes Pr(é,=x; ), x; € X, are positive, then values x,, of a subsystem &,
Kc N, are in the cartesian product XKzzkeKX K
Leti #+#j € N then since there are no loops, we have :

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Conditional independence structures and Matroid Theory

P —representation of connected Matroids
THEOREM ( Proof)

Casel:

r(ij) = 1, they are parallel,

then (il)), Gli) €L,

so &, is a function of §;
and viceversa,
thus [ X;|=|X;],

Therefore distributions §; and ¢;
coincide up to a
bijection ofX; to X; .

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Conditional independence structures and Matroid Theory

P —representation of connected Matroids
THEOREM ( Proof)

Case2: r(ij) = 2, seti,j asindependent, then
J circuit L € N of the matroid Zs.t. i,j €L,
let K=L—ij # @,sinceV xi €EX,x €EX;,

(x; xj)=Pr(§i = X; fj = xj)=Pr(<fl- = X; )Pr(fj- = xj)> 0
Then 3 x; € X s.t. (x; x, x;) =0 and (x,)=0

According with (i, K|®) and (j, K|0) € gl(X)and (i, jK|®) and (j,iK|0) € L,
(i, jK18)=i,j U K19) ; (j, iK10)=(j, i U K|0)
then
(%) (g )=0x; x0)= Cx; 2 %)= (x; %)= (%) (%)
§;and &, are unif. Distrib. and | X;|=]X/],
Then &, are unif. Distrib. over sets of same cardinality
u; = 2.

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers




Conditional independence structures and Matroid Theory

P —representation of connected Matroids

THEOREM ( Proof)

If I is not independent set of L, then
all ¢, are mutually independent, so unif. Distrib. on a set of cardinality ugJ.
If we choose @ #Kc N,

let I be one of its maximal independent,
r(D=|1|=r(K),s.t.&, & are equidistributed.

Probabilistic Conditional independence structures and Matroid Theory, F. Matus, Int. J. General Systems, Vol 22, pp.
185-196, 1994, Gordon and Breach Publishers
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